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We investigate the interaction of the gravitational field with a quantum particle. We prove 
two results. First, we give the proof of the equality of the inertial and the gravitational mass 
for the nonrelativistic quantum particle, independently of the equivalence principle. Second, we 
show that the macroscopic body cannot be described by the many-particle Quantum Mechanics. 
As an important tool we generalize the Bargmann's theory of ray representations and explain the 
connection with the state vector reduction problem. The Penrose's hypothesis is discussed, i.e. the 
hypothesis that the gravitational field may influence the state vector reduction. 
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INTRODUCTION 

In this paper we investigate the interaction of the grav- 
itational field with a quantum particle. In comparison 
with the electromagnetic interactions, we have little to 
say about the question. Because all attempts to quantize 
the relativistic gravitational interactions have encoun- 
tered insurmountable difficulties, we consider here the 
nonrelativistic gravitational interactions. 

In the paper we have considered the question if 
the Einstein equivalence principle makes any sense in the 
(nonrelativistic) Quantum Mechanics. We have argued 
there, that in some sense the Einstein equivalence prin- 
ciple is meaningful and can be at least operationally ap- 
plied to the local wave equation. Compare also similar 
arguments in Q. As was shown in jjj], this principle de- 
termines the wave equation uniquely, which provides in 
that sense the full analogue of the Einstein equivalence 
principle in classical physics ~ where the principle deter- 
mines the motion of test particles uniquely. In particular, 
this principle applied to the wave equation implies the 
equality of the inertial rui and gravitational mass nig of 
the nonrelativistic quantum particle: rui = rUg. In this 
paper we derive the equality = mg for a spinless non- 
relativistic quantum particle, but our assumptions are 
weakened in comparison to Our assumptions are as 
follows {X denotes all spacetime coordinates, we use the 
nonrotating Cartesian coordinates) 

(A) The quantum particle, when its kinetic energy is 
small in comparison to its rest energy mc^, does 
not exert any influence on the spacetime structure. 

(B) The Born interpretation for the wave function 

is valid, and the transition probabilities in the 
Newton-Cartan spacetime are equal to the integral 
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over a three dimensional simultaneity hyperplane 
and are preserved under the coordinate transfor- 
mations. 

(C) The wave equation is linear, of second order at 
most, generally covariant, and can be built in a 
local way with the help of the geometrical objects 
describing the spacetime structure (other quanti- 
ties must not be used to build it). 

(D) The transition probabilities - as defined in (B) - 
vary continously under the continuous variation of 
the coordinate transformation. 

The assumption (D) will be described in detail in the 
Appendix A. 

The covariance condition in Quantum Mechanics is so 
strong that it determines (together with assumptions (A) 
~ (D)) almost uniquely the wave equation. Moreover, the 
equality rrii = nig has to hold as a consequence of the co- 
variance condition. This is in a complete contradistinc- 
tion to the equations of motion of the classical particle. 
There are many possibilities for the generally covariant 
classical theory of classical particle in the gravitational 
field with nii ^ nig. The Theorem that mi = nig for 
nonrelativistic quantum particle results from (A) ^ (D) 
seems to be strange. We analyse some consequences of 
this Theorem in this paper. The first consequence is that 
we are able to prove the equality nii — nig for nonrela- 
tivistic quantum system - consisting of arbitrary many 
particles, when a very broad assumptions are fulfilled by 
the potential which describes the mutual interactions of 
the constituent particles. This is almost unacceptable, 
however, because it means that we are able to prove the 
equality — nig for macroscopic systems if only we as- 
sume that the macroscopic body can be desribed by the 
many-particle Quantum Mechanics, and that the classi- 
cal body does not influence the spacetime. There are 
two main solutions. 1) If we assume that the equality 
nii — nig for macroscopic body cannot be derived from 
many-particle Quantum Mechanics, we have to conclude 
that the macroscopic body cannot be described by the 
many-particle Quantum Mechanics. 2) The macroscopic 
body, which we describe as a many-particle quantum sys- 
tem, does influence the spacetime geometry and the infiu- 
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ence is not negligible. But, the many-particle system in- 
teracting with the gravitational field cannot be described 
by any quantum system of infinitely many degrees of free- 
dom. That is, the commonly applied second quantization 
of the gravity field fails also in the nonrelativistic theory. 

As we will see, the analysis of the possibility 2) can be 
carried out in both the nonrelativistic and the relativistic 
theories. In this sense the present paper can be treated as 
an introduction to the investigation of the quantum rela- 
tivistic gravitational interactions. However, the equality 
rrii = nig cannot be analysed in the relativistic theory, 
because of the mass renormalization process. 

As we have seen, we use the notion of covariance of the 
wave equation. It should be stressed here, that we dis- 
tinguish between the covariance condition and the invari- 
ance (symmetry) condition in accordance with 3] . There 
are no substantial difficulties with the notion of covari- 
ance as considered for the wave equation. On the other 
hand not all principles of Quantum Mechanics are con- 
tained in the Schrodinger equation. The Hilbert space 
and transition probabilities are of fundamental impor- 
tance. Therefore we are forced to make a deeper analysis 
of the covariance condition in Quantum Mechanics. Es- 
pecially we investigate the representation of a covari- 
ance group G from a very general point of view. Because 
the group G is not any symmetry group but only a co- 
variance group it does not act in the ordinary Hilbert 
space. As we will see, if the wave equation possesses in 
addition a (say) time dependent gauge freedom, then the 
exponent ^(r, s, t) in the formula 

depends on the time t. On the other hand we will show 
that the transformation Tr for the spinless particle has 
the general form 

Trilj{X) = 7/.'(X) = e-*^('^^^)V(^"^^), 

and that the classification of all 0{r, X) in this for- 
mula is equivalent to the classification of all possible 
£(r, s, t). So, we are forced to generalize the Bargmann's 
y classification theory of exponents ^ to the case, when 
^(r, s) = ^{r, s, t) depends on the time t. That is, we get 
in this way all possible for spinless nonrelativistic par- 
ticles. Next, we insert this to the covariance condition 
of the wave equation, and determine the wave equation 
almost uniquely with rrii = nig. 

It is a peculiar property of the gravitational field, that 
the symmetry group G of the system particles -I- field 
with the back reaction to the field allowed for, that G is 
greater then the maximal symmetry group of the space- 
time. For such a group G when G is a covariance group 
the exponent ^(r, s,t) depends on the time t (in the non- 
relativistic theory, in the relativistic one the spacetime 
dependence is possible) in general. This by no means 
can be reconciled with the fact that the exponent ^ (r, s) 



of the group G when G is a symmetry group must not 
depend on the time t. This is the origin of all difficulties 
of the possibility marked above as the possibility 2). 

The Newtonian gravity is described in the geometrical 
fashion compatibly with the equivalence principle, given 
first by Cartan 5]. 

In section II we give the strict definitions of covariance 
and invariance for classical equations, which are valid for 
the Schrodinger equation. In section III we describe in 
short the Newton-Cartan spacetime. In section IV the 
covariance condition for the wave equation is given in 
the explicit form. In section V the representation Tr of 
a covariance group is investigated in detail. Subsection 
V.A contains the general analysis of the representation 
T,. of a covariance group as compared to a symmetry 
group. The subsection V.B contains the classification of 
the representations (of the form given above for the 
spinless particle) of the Galilean group as a covariance 
group. In the subsection V.C the classification of (for 
the spinless particle) of the Milne group - the covariance 
group relevant for us - is given. Section VI contains the 
analysis of some consequences of the equality nn — nig 
(for the nonrelativistic quantum particle) proved inde- 
pendently of the equivalence principle. This paper con- 
tains the Summary. In Appendix A the generalization 
of the Bargmann's theory is presented. In Appendix B 
a general comments concernig the representation Tr of a 
covariance group of a theory with spacetime dependent 
gauge freedom is presented. 



COVARIANCE AND INVARIANCE 

In general the notions of covariance and invariance are 
very important and decisive if one looks for a possible dy- 
namical equation describing a physical system. Because 
we make use of them, the general and strict definitions of 
those notions should be given. We provide such a defini- 
tions according to the only difference in comparison 
to 3] is the use of the geometric object notion. The moti- 
vation for the use of the notion is that in our case (and in 
general case) the quantities we are dealing with do not in 
general form any representation of the covariance group 
(as in Anderson's definition) but they are always geomet- 
rical objects. For example, the wave function ip does not 
form any representation but only a ray representation. 
Let us consider a spacetime M and the group G (or pseu- 
dogroup) of transformations of M . 

DEFINITION 1. There is given a geometrical object y in 
M with m components if for each point x there exists a 
neighbourhood such that to each point of the neighbour- 
hood correspond uniquely m numbers y. The correspon- 
dence is such that the components y' at each point x in 
a new coordinate system u' depend only on the compo- 
nents y in the old system u and the transformation T of 
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G,T -.u^u', i.e. y' = F{y, T). (Compare e.g 0). 

Let us consider a physical system, which by assumption 
is completely described by a geometrical object y (in the 
case of the Maxwell theory y is the spacetime metric and 
the antisymmetric tensor field - possibly the solution of 
the Maxwell equations). The set of all possible values of 
y - not necessarily realizable physically by the system - 
will be called to be the set of kinematically possible tra- 
jectories (kpt) (in the case of the Maxwell theory the set 
of kpt consists of all antisymmetric tensor fields, how- 
ever, not necessarily solutions of the Maxwell equations). 
If the y can be physically realized, then it will be called 
dynamically possible trajectory (dpt) (in the case of the 
Maxwell theory the set of dpt consists of all solutions to 
the Maxwell equations). 

DEFINITION 2. A group G will be called covariance 
group of a theory if 

1) The set of all kpt constitutes a geometric object 
under the action of G. 

2) The action in 1) is such that it associates dpt with 
dpt. 

That is, if a real state is seen by an observer as y in the 
reference frame m, (so, it is a solution to the dynamical 
equations of the theory in question), then the same phys- 
ical state described by y' by an another observer in the 
reference frame u' should be a real state of course (and 
should fulfil the equations of motion of the theory) Note, 
however, that the equations of motion have different form 
in different reference frames u and u' in general. 

If a theory possesses a covariance group C?, then one 
can divide the set of dpt into equivalence classes of a 
given dpt. Two dpt are defined to be the members of the 
same class if they are associated by an element of G. The 
equivalence class represents the same physical state of a 
system but in various reference frames. Mathematicans 
call the equivalence classes transitive fibres. 

DEFINITION 3. In general it is possible to divide y-s in 
two parts, dynamical yu and absolute yA in such a way 
that: 

1) The part ?/_d is that which distinguishes between 
various equivalence classes. 

2) yu constitute a geometrical object under the action 
of G. 

3) yA constitute a geometrical object under the action 
of G. 

4) Any yA that satisfies the equations of motion of 
the theory appears, together with all its transforms 
under G, in every equivalence class of dpt. 

Exceptionally, when there exists only one equivalence 
class, then y is wholly absolute. 



DEFINITION 4. The subgroup of the covariance group 
G, which is the invariance (symmetry) group of all abso- 
lute objects yA is said to be the invariance {symmetry) 
group of a theory. 

It has to be clear what the invariance of absolute object 
means. 

Let us illustrate those rather abstract definitions by 
an instructive example. In the example kpt is described 
by a scalar field $ in the Minkowski spacetime. Let the 
dynamical law in an inertial frame has the form of the 
heat equation: 

- ndt^ = 0. (1) 

If we do not introduce any other objects (beside the 
scalar field <I>) the covariance group Gc of this theory 
consists of the inhomogeneous rotations and time trans- 
lations group and is identical to the invariance group Gi 
in this case. But one can use (in addition to the scalar 
field) explicitely the Minkowskian metric g^i^ and covari- 
antly constant timelike unit vector field n". With the 
help of these two additional objects one can write the 
above dynamical law in the following form 

/i''''V^V^$ - Ku^d^^ = 0, (2) 

where /i"^ = g'^^ — n^n^ is the metric on the spacelike 
hyperplane with the normal vector n'^ induced by space- 
time metric, V,y is the covariant derivative due to this 
induced metric on the hyperplane. The equation |(2Jl is 
generally covariant, i.e. its covariance group Gc consists 
of "all" spacetime mappings, this time however G, ^ Gc. 
Moreover, it is always possibe to make a theory generally 
covariant if one introduces the suitable objects to the the- 
ory. It is a known result obtained by Kretschmann Q. 
Generally covariant description of a theory reveals the 
additional i.e. nondynamical structures, which the the- 
ory really uses. In practice yA is a part of y which can be 
consistently (independently of reference frame) defined 
as that part of y, which does not enter into the equa- 
tions of motion for the remaining part yn of y. So, j/a 
can be eliminated from the theory in question without 
altering the structure of its equivalence classes. After 
such elimination y is equal to its dynamical part yo ~ yA 
does not enter into the theory explicitly. The elimina- 
tion makes the covariance group smaller then the initial 
one (before the elimination), but the group is only appar- 
ently smaller. In the above example the first formulation 
is given after such eliminaton and in this formulation the 
covariance group is the same as the invariance (symme- 
try) group (but only apparently). Note also that after 
such elimination Gi = Gc and moreover $ and - the 
transformed <& by an element of Gi = Gc - both are so- 
lutions to which is now identical for all admissible 
reference frames. Note for the later use, that this is al- 
ways the case if one eliminates the absolute elements yA 
as above, i. e. the invariance group G\ acts in the space of 
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solutions to the dynamical equations. Generally covariant 
formulation makes clear what are the absolute elements 
and what is the symmetry group. In the above example 
given by Eqs JQ), Q the spacetime metric and the 
vector field form the absolute object i/a- 
So, even if one can always make a theory covariant, the 
covariance condition is not empty, because the price for 
such covariant formulation is in general high: one has to 
introduce ad hoc new objects. 



NEWTON-CARTAN SPACETIME 

Contrary to the spacetime of General Relativity, the 
Newton-Cartan spacetime is described by three indepen- 
dent objects. The first is the absolute time t or equiv- 
alently the gradient of absolute time = dfj,t, defining 
the Euclidean simultaneity hyperlanes t = constant. The 
second is the contravariant symmetric tensor field g'^'^, 
which is degenerate: g'^'^t^ = and its rank is three. 
The third is the connection F^'^, such that V^g'''' — 
and Vp^i, — 0. The last two conditions do not determine 
the connection because g'^'^ is degenerate. Compare e.g. 



It is extremely inconvenient to rewrite the Schrodinger 
equation in a generally covariant form in terms of the 
connection F^^ (and the remaining two objects and 
g^'^), compare e.g. Till. To do this, it is convenient 
to describe the Newton-Cartan spacetime in a "metric- 
like way" , as was shown in (llj . Namely, with the help 
of the connection T^^ a covariant tensor g^i, and con- 
travariant vector can be defined. and replace 
completely the connection. is determined by motions 
of the freely falling particles, i.e. geodesies. Geodesic 
is a solution of the Lagrange-Euler equations for a free 
particle Lagrange function L. Rewriting L in a generally 
covariant form, one gets (compare \vi\) 

~ T t^'x'^ ' 

where a^i/ is some covariant field and the particle's tra- 
jectory is x^ = a;''(r), dot denotes derivative with respect 
to the parameter r. We define g^i, as equal to a^j/ in the 
Lagrange function L. So, we have 



L 



m g^j^^x^x'^ 



2 t^x" 
is defined in the following way 



u^t,. 



1. 



Because L is determined up to a full parameter deriva- 
g^^ is determined up to the gauge 



five L 



transformation g^^i, — > 

+ tfj,d,,f + ti,d^f, and in con- 
sequence u^^ also is determined up to the gauge transfor- 
mation u^^ — g^^^duf. 



The Lagrange-Euler equations for L give the geodetic 
equation with the connection 



1 



dcrg„p}. (3) 



The connection given by the formula is gauge inde- 
pendent, as immediately follows from the fact that the 
solution of the Lagrange-Euler equations does not change 
after adding a full differential term to the Lagrange func- 
tion L. But, of course, one can check it directly. The 
quantities g^i/, u'^ as well as the Eq. Q were introduced 
first by Daiitcourt |^ but in a different way. He con- 
sidered in 1^ the Newtonian limit of General Relativity. 
Now an important moment comes. Namely, what is the 
role of the gauge transformations introduced here? The 
full transformation group of g^,,, and u'' consists of coor- 
dinate transformations, but not only. Beside the coordi- 
nate freedom there exists the gauge freedom. So, the full 
transformations are 



dx^^ dx'^ 



dxt^' dx'^' 



rig^iv+Ud^f + tpdvf), 



dx^' 
^x^^ 



{u^ - g^'d.f). 



(4) 



(5) 



One should not think of coordinate and gauge transfor- 
mations as of separate transformations, for they mix with 
each other. 

Consider first the Galilean spacetime, i.e. the Riemann 
curvature of F^^^ is zero. Now we ask the question: can we 
find an appropriate connection between / and coordinate 
transformation such that g^,^ and u'^ become invariant 
for the Galilean group of transformations? The answer 
is - and should be - positive. Moreover, such / connected 
with coordinate transformation is unique and non-trivial, 
that is, f cannot be identically equal to zero. This question 
is equivalent to the following problem: what is the invari- 
ant form of the Lagrange function L of a freely falling 
particle? The problem is not well defined even in the 
Landau and Lifshitz very good course of theoretical 
physics. It can be shown, that accordingly to their def- 
inition of invariance, there are infinitely many invariant 
Lagrange functions in Galilean spacetime, see Ref. [lH . 

Consider now the Newton-Cartan spacetime. This 
spacetime as a whole does not possess any symmetry in 
general and one could suppose the gauge and the co- 
ordinate transformations to be completely independent 
in this case. But the Newton-Cartan spacetime pos- 
sesses the absolute elements in addition to the dynam- 
ical ones (contrary to the General Relativity), namely 
tp,g'^'',u'' and g^^, = g^y - gcrpU^uH^^t^ are absolute 
ones in the general sense given above. The Newtonian 
potential (j) = —^gi^i^u^u'^ is dynamical one. The abso- 
lute elements have the symmetry group of transforma- 
tions - the so called Milne group, which in the Cartesian 
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non-rotating coordinates have the following form 

t' = t + b, x' ^ Rx + A{t), (6) 

where R is an orthogonal martix and A(t) is "any" func- 
tion of time and b is any constant. Then we see that @ 
connect the Cartesian nonrotating frame with the Carte- 
sian nonrotating frame in which i^, g^'', and have 
particulary simple form. The gauge function / in Eqs 
jSJ is uniquely determined by the invariance condi- 
tion of tf^,g^'^,u'^ and 5^1, with respect to the group 
Namely, we ask the question: can we find such a connec- 
tion of / with coordinate transformation which brings 
tfj,, g'^" ,u'^ and into a form invariant with respect to 
the group ©? Again the answer is positive, i.e. f is 
determined by this condition up to an arbitrary function 
of time, see |llj for the proof. 

Now, one can write the Schrodinger equation in the 
Galilean spacetime in a generally covariant form and 
then obtain the Schrodinger equation in Newton-Cartan 
spacetime 

(7) 

with the following transformation law for ijj 



(8) 



using the minimal coupling procedure, where / in |(SJ) is 
exactly the same as in (0J and 0, see However, we 
are interested (in this paper) in the most general form of 
the wave equation, which is covariant and built up with 
the use of the spacetime objects and is in agreement with 
the principles of quantum mechanics, linear, local and of 
second order at most. It can a priori be different from 
(UI). Moreover, the gravitational mass can be different 
from the inertial one, contrary to Q. (Eq. is equiva- 
lent to the generally covariant wave equation which was 
found in 1^ and see 0| for the proof.) 



COVARIANCE CONDITION 

In this Chapter we derive the general form of the wave 
equation in the Newton-Cartan spacetime assuming (A) 

(D). It is a crucial point for us that there exist absolute 
elements in this spacetime. There exist the privileged, 
i.e. nonrota ting Cartesian coordinates (which we call 
after Kuchaf [iSj the galilean coordinates), in which the 
absolute elements take on a canonical particulary simple 
form: 



(t^) = (l,0,0,0),(gn = 



fo 0\ 
1 

1 

\0 I J 







fo 0\ 







1 





1 






{0 ij 



It largely simplifies the investigation of such a problem 
as general covariance. The simplifacation comes, because 
the absolute elements are invariant under the transforma- 
tion group jnj and have the same canonical form in all 
galilean coordinate frames. So, the potential cj), is the 
only object, which describes the geometry and does not 
trivialy simplify to a constant equal to or 1, in those 
coordinates. From the fact that the wave equation is 
generally covariant follows, of course, that - written in 
galilean coordinates - is covariant under the Milne group 
The group © is sufficiently rich to determine the 
wave equation as the covariant equation under the group 
© fulfilling the assumtion (C) (and making use of the 
classification of 9-s in the formula 0, which itself uses 
(A) ~ (D))- We confine ourselves then, to the galilean 
coordinates. 

First, we will show that Trip, for the transformation r 
of the Milne group © has the form 



(9) 



Everything, which we need now to know about the quan- 
tum interpretation of "0, is that 



R3 



ip*{x, t)f{x, t)i}{x, t) A^x 



is the average / of the f{X) in the state described by 
the wave function il){X). The second fact which we need 
is that the spacetime natural measure depends on the 
absolute objects (of the Newton-Cartan spacetime) only: 



m(d) 



u{X) d^X, 



where 



v{X) = ^det[5^^ + (1 - gaf3U°'uf^)t^U 



see for the proof. This means that /i is invariant 
under the group ©: A*(D) = fJ-{rG) or 



g{X)u{X)d^X 



g{rX)iy{X)d^X. 



Recall that ^{X) = 1 in galilean coordinates. Consider 
two galilean coordinate systems (X) and {X') — (rX) 
connected by a transformation r of the form 0. Then 
make the experiment in which the average of a quantity 
f{X) in the two reference frames is measured. Let / 
and / be the result of the experiment in reference frames 
{X') and {X) respectively, or in states = T^ip and tp. 
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Then we have: f{r~^X) = f{X), i.e. the average of the 
quantity in the moved frame has to be the same as that of 
the correspondingly moved quantity in the initial frame. 
Consider f{X) with compact support. So we have [3| 

/ ^'*{x,t)f{r-\x,tWix,t)d'x = f{r-^X)' = 

= JiX)= f r{x,t)f{x,t)^{x,t)d'x. 

Now we integrate both sides of this equation over t: 
J^^ dt . . . with ti and t2 chosen in such a way that the 
four dimensional domain of the resulting integration con- 
tains supports of f{X) and f{r~^X). We obtain in this 
way the equality 

/ \^'{X)\'f{r-^X)d^X= [ \^{X)\'f{X)d^X, 

JR-I JR* 

for "all" ip and f{X). By invariance property of those 
integrals we easily obtain 

/ [\ij'{rX)\^-\i^{X)\^]f{X)d^X^O (10) 

^R" 

for "all" i/j and f{x) with compact support. Because 
■0 fulfils the differential wave equation it has to be con- 
tinuous. Then, g{X) = \^p'irX)\^ - \^{X)\^ = and 
-0' = Trip is of the form or equivalently the probabil- 
ity density p is a scalar field. Indeed, suppose that there 
is a point Xo in which g{Xo) ^ 0. Because of the con- 
tinuity of g{X) there exists a neighborhood of Xo with 
a compact closure C on which g{X) > 0. Then, because 
there exists a differentiable function f{X) ^ with the 
support C, the integral in (|10|) is greater then 0, contrary 
to ifTUIl . 

Recall, that the existence of the invariant measure is 
important in the proof. This is a peculiar property of 
the Newton-Cartan spacetinie (we have in mind the in- 
variance as defined at the begining of this chapter, not 
the 'invariance' frequently used in differential geometry 
where it means that the scalar density v of the measure is 
covariantly constant). In the Einsteinian spacetime the 
measure has no invariance group when the spacetime has 
no symmetry. Recall also that ip is differentiable up to 
second order being a solution of second order wave equa- 
tion, by this 9{r,X) also is differentiable up to second 
order. 

In accodance to the assumption (C) the wave equation 
has the form 

[ad^ + b'dA + c'^d^dj + ddt + fd., + g]i;{X) = 0, (11) 

where a{X), V{X), . . . g{X) are fields which can be built 
up in a local way with the help of the geometrical ob- 
jects describing the spacetime structure. (Note that 
a{X), . . . ,g{X) as functions of spacetime coordinates X 



are not the same in each galilean system.) But in accor- 
dance with our assumption they are functions of space- 
time geometric objects the same in all systems, built in 
a local way from those objects. However, the only non- 
trivial object, which describes the geometry, and does 
not trivially simplify to a constant equal to or 1 in the 
galilean coordinates, is the Newtonian potential (p. Then, 
a = a{X), . . . ,g{X) are algebraic functions of cp and its 
derivatives identical in all galilean systems, i.e. 

a = a{(p, di(p, didjcp, dt<p, df(p, d^cp), 



9 9{(P, d^(j), didjcp, dt(p, df(p, . . . , dl'cp). 

In the mathematical terminology this means that a, . . . , g 
are differential concomitants of the potential, see |y| . We 
assume in addition that n — 2. We do not lose any 
generality by this assumption, beside this the whole rea- 
soning could be applied for any n. But the case with 
n > 2 would not be physically interesting. Namely, it is 
a priori possible that the derivatives of second order are 
discontinuous, such that the derivatives of order n > 2 
do not exist, at least the classical geometry does allow 
such a situation. On the other hand there does not exist 
any physical obstruction for a discontinuity of the wave 
equation coefficients, take for example the wave equa- 
tion with the "step-like" potential. Then the assumtions 
about the existence of higher oder derivatives - not nec- 
essary for the spacetime geometry - confines our resoning 
rather then generalizes it. 

Because a, . . . , g do not depend explicitly on the space- 
time coordinates X, then our reasoning is apparently not 
general, but only apparently. Indeed, suppose they do 
depend explicitly on X, so they are built with the help 
of an additional function of X. Then, according to our 
assumtion (C) this function would have to be build of the 
potential and its derivatives, and a, . . . , g would be alge- 
braic functions of the potential and its derivatives. The 
situation with 9 is however different. Namely, 9 does not 
itself contribute to the transformed equation (because 
the wave equation is linear the exponent of (jSJ cancells 
in the transformed equation), but its first and second 
derivatives with respect to X do. So, 9 can explicitly 
depend on X. 

By a{X),... we always mean a{(p{X), ... df(p{X)), ... 
and for simplicity we do not introduce different notation 
for the two different sets of functions, but no confusion 
should arise from it. 

The covariance condition for l|ll() under the group © 
in the galilean systems gives the following transformation 
laws of a, 6*, c*-' 

b"{X') = R)V{X) + 2a{X)A\ (12) 
a'{X')^a{X), (13) 
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c"\X') = R^R'^^c'^iX) + a(X)iMJ + b'^R'^A^. (14) 

From it follows that a is a scalar comitant of the 
potential, or equivalently 

a(0'(X'),9>'(X'),...,9l</>'(X')) = 
= a{cb{X), d,^{X), d,djcf>{X),dt^{X), mcf>{X),df^{X)) 
and a is constant along each transitive fibre of the object 
n = {(j), di(j), didj(f>, dt(f>, didtcj), d'^cj)), 

as a function of (j). It can be shown that this determinates 
a as a function of the Kronecker's invariants of the matrix 
{didj(f>), using the well known Theorems of the Theory of 
Geomtric Objects, compare e.g. |l5l |. However, we will 
proceed in a different way begining with the concomitant 
6* which transforms as in (|12|l . If one started the whole 
anlysis with a and then one would have to analyse 
(|12(l repeating many steps. On the other hand already 
from (|12|l it will follow that a — and independent anal- 
ysis of 1)13(1 will not be necessary. Because the analysis 
is rather long, we break it in the steps in which a, . . . , g 
are computed respectively. 

b\a 

The situation with b^ is more complicated because it 
is not a scalar concomitant, but has a more complicated 
transformation law. But we gradually simplify the situa- 
tion. That means, we find subgroups of © which define 
such transitive fibers of on which 6'(r2) has to be con- 
stant. We will show it step by step. 

To simplify the reading we write the explicit form of 
the transformation laws for (f> and its derivatives. 

d'j(i>'{x') = R-^]d,ci,{x) - 

d[d'^4>'{x') = R-^'iR-^^dkdsHx), 
= dtc^{x)-Tx,-R-^lA''d,(i>{x)+R-^lA''A, 

d'^dic^\X') = R-^]m<l>{X)- 
-R^^lR~^lA''^r^^(t>{X) - R-^yXr, 

df(t>'{x') = dt^c^ix) - 2R-^lA''dAc^{x)+ 

+R-^iR~^\A^A'djd^(t){X)- 



At the beginning we will show, that the concomitant b 
does not depend on the time derivatives and the space- 
time derivatives of the potential. To do this we use the 
transformations ||HJ) with i? = 1 and & = 0. The for- 
mula l|12|) is valid in each galilean system and for any 
potential, and implicitly at any spacetime point. Let us 
take then, such a system and let Xo be any (but fixed) 
spacetime point. At last, we define A{t) in © as follows: 
A{t) = A{t)n, where A{t) = X{t — and n is a con- 
stant (in space and time) spacelike unit vector, A is any 
constant. Then, all derivatives of A are zero in to except 
the fourth order derivative. The formula H12|) with this 
transformation gives 

= b^{(l), di(t>, d^djcj), dt(l>, djdt(l), d^(t>), 

at the point Xo- Now one can infer that b'' does not de- 
pend on df(j) at the point Xg, because this formula is ful- 
filled for all A-s. Of course with the exception of Xq = 0. 
But one can choose the point Xq in an arbitrary way and 
6*^ does not depend on dl(j)(x, t) with the exception of the 
point (0, i), i.e. b^ can a priori depend on dt(p{0, t). This 
dependence, however, is irrelevant, because the potential 
is determined up to any additive function of time F{t), 
i.e. the potential is determined up to the gauge free- 
dom. We choose F{t) = —(j){Q, t) + at + P and eliminate 
this irrelevant dependence (in each galilean system the 
gauge is chosen separately, of course) . The two constants 
a and /3 in F{t) is the only potential gauge freedom which 
remains at our disposal now. 

We apply now a similar transformation, but this time 
A{t) = X{t — toY and only the third order derivative of 
A Sit to is not equal to zero. The formula H12|l for such a 
transformation reads 

b^{(j), di4>, didj(j), dt4> - iWnsxl, didt4> - SIAn^) = 

= b\^,d^(j,,d,djCp,dt(j^,dA(j)), (15) 

for all A. It means that 6*^ is constant along those two 
directions of ddt(j){Xo) which are perpendicular to Xo- 
Because the point Xo and the galilean frame was arbi- 
trary, it is true for any galilean system and at any space- 
time point. Because b^ in the chosen frame is identical 
function (for each k) of d(t> as in the translated reference 
frame, 6*^ is constant along any direction of ddt(j), so, b^ 
does not depend on ddt4>- (For, one may reach any direc- 
tion of x'o by the appropriate translation X X' , and 
by this one may aquire any direction of constancy of 6*^ 
in the space of variables d(j)'{X'o).) 
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Applying the same transformation as in the last step 
to the formula H12() one gets 

a,0, d,dj(l), dt(j3 - ?,\\nsxl) = 

= 6'=(0,9.0,a.aj0,ft(/.) (16) 

at Xo- So, in a similar way as before one can see that 
does not depend on dt4'{X) except that it can depend 
on dt4>{x — Q,t). But again this dependence is irrelevant 
and can be eliminated by an appropriate gauge. Namely, 
choosing a = in F{t) we eliminate this dependence, so 
that — b^((l),di4>,didj(f)). 

At last, we make use of the transformation of the same 
type as before with A{t) = \{t — io)^, H12I) for this trans- 
formation gives at 

and the situation with the variables 4> and di<j) is exactly 
the same as was with dt(j) and didt4>. Then, in the anal- 
ogous way one gets 

b^(x,t) = b''{d^dj(j){x,t)), X ^ 0, 
b''{0,t) = 6^(a.aj0(O,t)), x = Q, 

so, we have 

b'^iX) = b\d^djcj){X)). 

It means, that b'^ is a vector concomitant (at least under 
rotations, spatial inversion and spatial reflections) of a 
tensor didjip of valence 2. As is well known from the 
theory of geometric objects, see e.g. such a vector 

concomitant has to be zero. The argumentation is as 
follows. Take any galilean system and any point Xo- 
Apply now the space inversion with the origin in Xq, i.e. 
i? = -1 and A = 2fo, 6 = 0. Then, ^ at Xo with this 
inversion gives the equation: b{Xo) = —b{Xo) because 
the valence of didjcf) is even and didjcj) does not change 
the sign under the inversion. Because the point Xq and 
the galilean reference frame can be chosen in an arbitrary 
way the concomitant 6 = 0. 

From H12|) immediately follows, that also a — Q. 

REMARK. If we were not specify the gauge function 
F{t) (to be equal -(?!)(0,i) + /3), then b^{X) would be 
equal to zero with the possible exception of 6*^(0, i), which 
could be different from zero. For the later use, however, 
we will not specify F{t), and we will analyse the quanti- 
ties a{X),b^{X), ...,g{X) at those points X whose space 
coordinates are not equal to zero. We will not indicate it 
explicitly. Then, in particular 

b'^ix', t) = 0, a{x\t) = 0, if x' ^ 0. 



We have reduced our equation l(TT|l to the following 
form 

[e'd^d,+ddt + rd^+g]<i>^0. 

Covariance condition of the equation under the Milne 
group of coordinate transformations © gives the follow- 
ing transformation law for 

f'\X') = Rinx) ~ dA^ - 2ic'^d,9, (17) 

where 9 is the exponent in the transformation law of ip 
given by the formula © . Now, we make use of the clas- 
sification of 9-s presented in the next section and in the 
Appendix A. According to this classification (see in par- 
ticular the subsection V.C) 

9 = -lij^AjX^ In^A.x^ + AA\t), (18) 

for any polynomial Milne transformation Aj{t)^ where n 
is > then the maximal degree of the polynomials Aj (t) in 
the Milne transformation, are constants. This is the 
very important point. The whole meaning of the analysis 
of the section V and the Appendix A for the derivation 
of the equality rrii = nig lies in the above formula l|18() 
for 9. Note, that 9 is determined up to any function of 
time and the function 9 is not determined by the classi- 
fication (according to the fact that the wave function is 
determined up to a time dependent phase factor, see the 
next chapter). 

First of all let us take notice of the fact that 7^ = for 
k > A. Indeed, let Xo = {xoito) be any point. We ap- 
ply now a transformation © for which all derivatives of 
A{t) disappear at to with the exception of the fc-th order 
derivative (for example we can choose such a transforma- 
tion as in the preceding subsection with A{t) ~ {t — toY). 
Then, we insert the transformation to the law l|17|l . Be- 
cause the derivatives of the order higher then the 4-th do 
not appear in the transformation laws for (f), di4>, . . . , df4>, 
then (|17(l at Xo implies that 7^ = 0. Note, that is lo- 
cal, i.e. it can be built from the potential in a local way, 
that is, in an algebraic way from the potential and its fi- 
nite order derivatives with the order ^ then say m. This 
is essential for the finitnees of n which is ^ m -f 2. 

Note, that the covariance condition under the polyno- 
mial accelerations A{t) is sufficient for us. 

Let Xo be any spacetime point. We define the following 
object 

P = f + 2i-f2c'^d,^ + 2ij3c'^dtd,(l>. 
It has the transformation law 

PiX') = RiriX) ~ {d-2i^,c^^m~ 
-2i-f3R-^lR-'lc'''dgdk<f>SP^)A, - 2i-fic'^RlAj. (19) 
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The inhomogeneous part of the law for the transforma- 
tion 10) with R = 1 takes on the foUowing form 



where d''^ is defined as follows 

Now, we make use of the transformations such as before 
with A{t) = \{t — to)^- Inserting the transformation to 
(|19|l we get at Xo the equation H15|l but with instead of 
b'^. In the same way, then, as for fe'" we infer that f'^ does 
not depend on dtdj4>. Applying the same transformation 
to IpHll we get (fTT)|l for (instead of tf'). Concluding: 

J'^ ^f''{<j,,d,(p,d,d,(j,,dl4>). 

Denote the values of d'^ {X) and {X) at Xo by d'^ 
and . Note, that if = 0, the analysis for J*^ reduces 
to the case such as with and = 0. So, we assume 
that ^ 0. Suppose that d^J is degenerate and possesses 
a zero direction ^ 0: d^Jnii — 0. There exist a vector 

for which 

a = m^m^ didj(f){Xo) + 2m^Vi 

has non zero value, which can be negative or positive. 
Denote the value of 

~2m'dAc^{Xo) 

by Lo. Consider the transformation © with R = \ 
and A{t) such that A{to) = Am, A{to) = 0, A{to) = 
Aw, A (to) = 0, and apply it to p9|l obtaing at Xo 

J\ci,,d,(t>,d,d,ci,,dU), 

for all A. So, in the case when det [d^^) — /'"' does not 
depend on dicj). 

Suppose now that det((ij') ^ 0. The same analysis, 
but with such that d^Jnii is perpendicular to the (for 
example) first axis of the coordinate system shows that 
does not depend on df4>- On the same footing, this is 
also true for the remaining coordinates of . 

In the further analysis identical as for b*' we show that 
Z*^ = 0, or equivalently 

= -~2i-f2d^ d,(j) - 2ij3c''djM. 

But this is possible only if 72 = 73 = or equivalently, 
only if /'^ = 0. Indeed, applying the transformation laws 
for dicj) and didt4> to the above formula one gets the trans- 
formation law for f'^ 

f\X') = Rlf\X) - 2i-f:iR-'\R-'ld'^dkd,^AP- 



-2ij2Rlc"'Ak - 2z73i?:c^^-^fe. 

Comparing it with p7|l at Xo for the transformation © 
with i? 7^ 1 and yl*(t) = {t-tofn' such that = d^rn ^ 
(this is possible because d-j ^ 0) one gets 

for all orthogonal R and w 7^ 0, which means that 72 = 0. 
In the similar way, but with A^ = [t — toYn^ , one shows 
that 73 = 0. Summing up = 0. Now, looking back to 
the transformation law p7|) we realize that 



2id^dje 



~dA' 



for all polynomial A{t). Comparing the above formula 
with p8|) one can see that 



d,9 



(20) 



where 



2i7i 

is a scalar field: d{X') — c{X) (which follows from the 
fact that d^ is a tensor field, compare H14|l and recall that 
6*^ = as well as a = 0, or immediatelly from the fact 
that d is a scalar, which is a consequence of the covariance 
of the wave equation). Note that 71 is the inertial mass 
of the particle in question and by this 71 7^ 0, see the 
next section. 



9, d 



We have simplified our equation Hll|l to the following 
form 



271 



^ = 0, 



where we introduce ik — d. The covariance condition of 
the equation gives the following transformation law of g 

g'{X') = g(X) - ^iM* + fc7iA:i'- 

-kdt6{A^,t) - k^iA,x\ 
Let us define a new object 

K{X) = g{X) + -f,k{X)cj,{X). 
It is clear that the transformation law of A is as follows 

A'(x') = K{x) + - kdte{A\ t). 
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Both 9 and A taken separately are not uniquely defined. 
This is because the potential 4> is determined up to a 
time dependent additive term (the gauge freedom). So, 
one can assume any form for 9 by an appropriate (gauge) 
redefinition of (j) (changing the first one by G{t) and the 
second one by {\/^i)G{t)). This is the place at which we 
need the gauge freedom F{t) — (l/7i)G', see the Remark 
at the end of the subsection IV. A. Assume then, that 6 
is chosen in such a way that 

dt9^^A,A\ 

After this the above transformation law for A takes on 
the following form 

A'(X') = A{X) 

and A is a scalar field. In the identical way as for we 
show that 

A = K{d,djc^). 

Now, we come back to the equation and easily show 
that it can be covariant if and only if fc is a constant. We 
get, then, the wave equation 



+ ikdt - fc7i0 + A 

271 



(21) 



valid for each galilean system at each point X whose 
space coordinates are not equal to zero. But we may 
uniquely extend the equation and it has the form H21fl 
for all spacetime points. If the gravitational field goes to 
zero, then the equation takes on the standard form (or 
has to be equivalent to the standard equation). But this 
is possible if and only if there exist a non zero number 
such that if one multiplies the equation (|21|l by this num- 
ber one gets: k — H and k/2ji — fi? /2m, where m is the 
inertial mass. So, we get 

m = fc7i = TTig, 

where nig is the gravitational mass. We have just in- 
terpreted the parameter at the gravitational potential as 
the gravitational mass rUg. 

Concluding, the inertial and gravitational masses are 
equal and V' fulfils the equation 



2m 



V. = 0, (22) 



with the transformation law of given by the represen- 
tation Tr of the form lO and the 9 in given by 
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A\T)dT+-Ax' 

n 



(23) 



Note that we have used the classification theory of 9-s, 
presented in the next section and in the Appendix, to 



derive the formulas (|22(l and H23() . The assumption (C) 
is too weak to get the Eqs (|22|l and 123() . The covari- 
ance condition in the Quantum Mechanics is so strong 
because it imposes the conditions on the representation 
Tr independently of the covariance condition of the wave 
equation. In the next section we will find the covariance 
conditions for T^. 

As we have shown in the Eqs (|22|l and H23(l with the 
scalar term A = result uniquely from the Einstein equi- 
valence principle applied to the local wave equation. Of 
course, beside the state vector evolution law given by the 
wave equation, there are other independent structures of 
the theory. The Hilbert space and the transition prob- 
abilities are not contained in the Schrodinger equation. 
Moreover, the state vector reduction process during the 
measurement is a nonlocal process [iTJ. So, the status of 
such a local principle as the Einstein equivalence princi- 
ple is not clear in the Quantum Mechanics. By the notion 
of the Einstein equivalence principle in the Quantum Me- 
chanics we always mean implicitly the application of this 
principle to the local wave equation. 

There were done the experiments checking the equality 
TOi = mg for quantum ob ject s. The earliest one is the so 
called COW experiment [13 for the neutron. The most 
precise experiment was done by M. Kasevich and S. Chu 
[ijj , for the sodium atom in which the Eotvos parameter 
was estimated to be < 10^^. The recent experiment 
in which the bound states are formed by the gravitational 
potential is a qualitative one. 



GENERALIZATION OF BARGMANN'S 
THEORY. CLASSIFICATION OF 6I-S 

Preliminary Remarks 

In this subsection we carry out the general analysis of 
the representation Tr of a covariance group and compare 
it with the representation of a symmetry group. We de- 
scribe also the correspondence between the space of wave 
functions ip{x,t) and the Hilbert space. Before we give 
the general description, it will be instructive to ivesti- 
gate the problem for the free particle in the fiat Galilean 
spacetime. 

The set of solutions ij} of the Schrodinger equation 
which are admissible in Quantum Mechanics is precisely 
given by 



^{x, t) = (2^) 



-3/2 



(p{k)e 



- k.k+ik.x i3 



d^/fc, 



where p = hk is the linear momentum and ip{k) is any 
square integrable function. The functions (p (wave func- 
tions in the "Heisenberg picture") form a Hilbert space 
Ti with the inner product 



{fi,^2) = / ipl{k)Lp2{k) d k. 



11 



The correspondence between tp and is one-to-one. The 
above construction fails in the curved Newton-Cartan 
spacetime, because in this spacetime we do not have 
plane wave, see there does not exist any nat- 

ural counterpart of the Fourier transform. However, we 
need not to use the Fourier transform. What is the role 
of the Schrodinger equation in the above construction of 
HI Note, that 

||V^||2= / ,/^*(f,0)V'(f,0)d3a:=(^,(p) = 



ip*{x, t)'ijj{x, t) d^x. 



This is in accordance with the Born interpretation of ij). 
Namely, if ip*ijj{x,t) is the probability density, then 



ip*tpd'^x 



has to be preserved in time. In the above construction 
the Hilbert space Ti. is isomorfic to the space of square 
integrable functions (p{x) = i/j{x,0) - the set of square 
integrable space of initial data for the Schrodinger equa- 
tion, see e.g. 21]. The connection between ijj and (p 
is given by the time evolution U (0, t) operator (by the 
Schrodinger equation): 

U{0,t)ip = ip. 

The correspondence between ip and has all formal 
properties such as in the above Fourier construction. 
Of course, the initial data for the Schrodinger equation 
do not cover the whole Hilbert space H of square in- 
tegrable functions, but the time evolution given by the 
Schrodinger equation can be uniquely extended on the 
whole Hilbert space Ti. by the unitary evolution operator 
U. 

The construction can be applied to the particle in the 
Newton-Cartan spacetime. As we implicitly assumed in 
(B) and (C), the wave equation is such that the set of 
its admissible initial data is dense in the space of square 
integrable functions (we need it for the uniquenees of 
the extension). Because of the Born interpretation the 
integral 



il;*ipdrx 



has to be preserved in time. Denote the space of the 
initial square integrable data p on the hyperplane t{X) — 
t by Tit- The evolution is, then, an isometry between 
Ti.Q and Tit. But such an isometry has to be a unitary 
operator, and the construction is well defined, i.e. the 
inner product of two states corresponding to the wave 
functions ipi and 'ip2 does not depend on the choice of 
Tit- Let us mention, that the assumptions (B) and (C) 
are not independent, that is, the wave equation has to 



be linear in accordance with the Born interpretation of 
"0 (any unitary operator is linear, so, the time evolution 
operator is linear). The space of wave functions ip{x, t) — 
U{0,t)(p{x) isomorphic to the Hilbert space Ho of ip is 
called in the common "jargon" the " Schrodinger picture" . 

However, the connection between ip{x) and ip{x,t) is 
not unique in general, if the wave equation possesses a 
gauge freedom. Namely, consider the two states ipi and 
P2 and ask the question: when the two states are equi- 
valent and by this indistinguishable? The answer is as 
follows: they are equivalent if 



il;l{x,t)ip{x,t)d^x =\{p2,p)\ 



(24) 



for any state (p from Ti, or for all ip = Uip (ipi are defined 
to be = f/(0, t)pi). Substituting ipi and then p2 for p> and 
making use of the Schwarz's inequality one gets: Lp2 — 
e^^pi, where a is any constant 22]. The situation for 
■01 and ip2 is however different. In general the condition 
(Pt is fulfilled if 



■p2 



and the phase factor can depend on time. Of course 
it has to be consistent with the wave equation, that 
is, together with a solution ^p to the wave equation the 
wave function e*^^*^?/; also is a solution to the appropri- 
ately gauged wave equation. A priori one can not ex- 
clude the existence of such a consistent time evolution. 
This is not a new observation, it was noticed by John 
von Neumann |23l ]. but it seems that it has never been 
deeply investigated (probably because the ordinary non- 
relativistic Schrodinger equation has a gauge symmetry 
with constant 5). Note, that e*^^*-'?/' has to be a solution 
to the gauged wave equation. The equation has to be 
gauged together with ^. Indeed, suppose that both ipi 



and '02 



aim 



■01 are the solutions of the identical wave 



equation and by this both -01 and 02 belong to the same 
" copy" of the " Schrodinger picture" . Then, the time evo- 
lution induced by the wave equation would not be any 
unitary operator between Hq and Tit because 



2 ^ g«?(t) 



const. 



would be time dependent. This is the main difference 
in comparison to the space of p. The two states 0i 
and V'2 belong then to two (equivalent) "gauge copies" 
of the "Schrodinger picture", the "gauge copies" having 
no elements in common beside the trivial one: ip — 0. 
Note, that such a "Schrodinger picture" corresponds to 
a fixed observer (reference frame) and in general the two 
"pictures" corresponding to two different observers are 
different in general. It will be useful, however, to con- 
sider an enlarged linear space & consisting of all the 
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above " Schrodinger pictures" corresponding to all (in our 
case galilean) observers and all "gauge copies" of them. 
That is, 6 is the smallest linear space which together 
with any element V' of any " Schrodinger picture" contains 
g«?(*)^' for any differentiable ^(i) and any transformation 
i})' — Tr^p of to any (galilean) reference frame, r being 
any element of the group G in question (the Milne group 
in our case). In other words, if we fix a "Schrodinger pic- 
ture" and denote it by Ho, then 6 is the smallest linear 
space which contains the set of elements e*^^*-'TrV', where 
r is any element of the group G, ^{t) is any real differen- 
tiable function, and ip g Tig- So, 6 is the smallest linear 
space containing a "Schrodinger picture" on the whole, 
in which the representation acts. 
But in the space & the integral 

(V'l,l/'2)t = J ^l'lp2 d^X 

is time dependent, which will be indicated by the sub- 
script t. Even the modulus \{tpiT''p2)t\ of this expression is 
time dependent in general. The expression KV', x)t| does 
not depend on the time t ii ip belongs to a " copy" of the 
"Schrodinger picture" which corresponds to an observer 
and X belonging to a (possibily different) "gauge copy" 
but corresponding exactly to the same observer. Indeed, 
we have x = e^^^'^tpi for some function T{t) and ipi be- 
longing to the same "copy" of the "Schrodinger picture" 
as the wave function ifj (the "copies" both are connected 
with a fixed observer). So, we have 

{i;,x)t^e^^ J V>id3x = e'^^W|(^,(^i)| (25) 

for U{0,t)ip = -0 and U{0,t)ipi = Vi- The modu- 
lus |(?A,x)t| — \{vit'P2)\ of the expression is constant 
then. In the remaining situations, however, even the 
modulus does depend on the time t. Namely, con- 
sider three waves tp, ipi and ip2 belonging to the same 
" copy" of the " Schrodinger picture" and the wave func- 
tion X = "01 + e*°'*^*'''02- Then, x cannot belong to any 
" Schrodinger picture" (see the above remarks) and more- 
over |(V',x)t| = li^^fi) + e*'^'*^(</9, (/'2)| has to be time 
dependent in general where ip, (pi are defined as above. 
The same is true in general for ip{X) and x(^) = '0'(^) 
equal to a transform of "0 to a different frame. 

Note also, that only the wave functions ^ = e^^'^'^^ipi 
with ipi belonging to a " Schrodinger picture" correspond 
to the physical states (dynamically possible trajectories 
dpt, compare section II), the remaining being unphysi- 
cal. Such sets xp = {cr(i)?/'i, |(t| = 1} C S of wave func- 
tions will be called sets of rays, more precisely, we confine 
ourselves to the unit rays, i.e with — 1 (this is mean- 
ingful definition because this time the norm is constant), 
and differentiable (j(t), which is natural according to the 
fact that ip fulfils a differential equation - the wave equa- 
tion. Any ip xp will be called a representative of rp. 



More precisely, we assume a{t) to be differentiable up 
to any order, see the further discussion for the justifica- 
tion (we will always use the word 'diffrentiable' in this 
sense in this paper, unless the order of differentiability is 
specified) . 

Let G be a group consistent with the simultaneity 
structure of the Galilean (or the Newton-Cartan space- 
time) , i. e. any transformation r of the group acts on the 
time coordinate t rt in such a way that rt is again a 
function of the time t only. Consider the two cases: G 
is an invariance (symmetry) group and the second one 
when G is a covariance group. 

First, let G be an invariance group. As we know (see 
section II, the comment to the Definitions 1 4) one 
can always eliminate the absolute elements yA- As is 
well known - in the Quantum Mechanical description - 
the group G (or its ray representation Ur) acts in the 
Hilbert space H. Then, UrUgf has to be equivalent to 
Urs'P> and we have 

with a depending on r and s only. Consider the action of 
G in the space & of wave functions ip. The representation 
Ur induces a representation acting in the space 6 of 
wave functions ip. But this time acts in the space of 
solutions to the wave equation and Trip and ip belongs 
to the same " copy" of the Schrodinger picture" . This 
is because we have eliminated the absolute elements yA, 
so that the symmetry group G becomes identical to the 
covariance group and the group G acts in the space of 
solutions to the dynamical equations (see the section II, 
the comment to the Definitions 1 4). So, TrTgip and 
Trsip belong to the same "Schrodinger picture" and can 
differ by a constant phase factor a at most: 

which should be the same as in the Hilbert space H of 
states if. So, we have a 

THEOREM 1. If G is a symmetry group, then the 
phase factor a should be time independent ( or equivalent 
to a time independent one). 

Second, let G be a covariance group. This time G 
does not act in the Hilbert space of the system in ques- 
tion. Namely, ipi and its transform T{l,l')ipi = ipii un- 
der r G, r : I ^ V = rl, belong to the two different 
"Schrodinger pictures" corresponding to the two differ- 
ent observers in the two reference frames I and /' = rl. 
So, Tr = T{l,l') = T{l,rl) does not act in a fixed 
" Schrodinger picture" but in a space of ipi for all galilean 
observers / |43. However, because in general the gauge 
freedom cannot a priori be excluded the representation 
Tr of G acts in the space S. But after this, the equiva- 
lence of TrTsip and Trsijj means that (we omit the sub- 
script I at ipi) 

TrT.iP = e*«('-'^'*)r,,0 (26) 
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and ^ depends on r, s and in addition on the time t. It 
has to be consistent with the wave equation. Namely, 
consider a transformation g = rs between the two ref- 
erence frames I and V , rs : I ^ V , and its action on 
the wave equation (and on the wave function). It can 
be reahzed in a different way, that is, in the two steps 
r : / I— > r' and s : T' i— > Z'. Then, the result should dif- 
fer by an appropriate gauge transformation in such a way 
that if ipi is a solution to the first equation then the wave 
function e~*^^''''*'*^?/'i is a solution to the gauged equation 
obtained as the second result, by transforming the equa- 
tion in the two steps. Again, one can not a priori exclude 
the existence of such a consistent wave equation. Note 
that because the wave equation is a differential equation 
(in our case possibly of second order in accordance with 
the assumption (C)) then, the exponent ^(r,s,t) in H2t)|) 
has to be a differentiable function of t (in our case up 
to the second order). But we assume in the sequel, that 
^(r, s, t) in (|26|l is differentiable in t up to any order. This 
assumption is of a technical character only. The second 
order continuous differentiability of ^ with respect to the 
time t is sufficient for us. We use this assumption for the 
sake of simplicity. 

Note that being a representation of a covariance 
group transforms rays into rays (or dpt-s into dpt-s in 
accordance with our general definition, see section II). 
In other words a physical ("real") state observed by an 
observer cannot be seen as an unphysical (" unreal" ) one 
by any other observer, it would be a nonsense to allow 
such a situation. 

A natural question arises then: why the phase factor 
e*^ in (|25|l is time independent for the Galilean group 
even when the Galilean group is considered as a covari- 
ance group? This is the case for the Schrodinger equa- 
tion with a potential which does not possess the Galilean 
group as a symmetry group - as in the hydrogen atom, 
for example. The explanation of the paradox is as fol- 
lows. The Galilean covariance group G induces the rep- 
resentation Tr in the space S of wave functions fulfilling 
()26|l . But, as we will show later on, the structure of G is 
such that there always exists a function C,{r, t) continu- 
ous in r and differentiable in t with the help of which one 
can define a new equivalent representation — e*^''''*^Tj. 
fulfilling 

rji/rpf ia[r.s)rpl 

r s rs 

with a time independent a. The representations and 
T^. are equivalent because T^if) and T^-ip are equivalent for 
all r and ?/'■ 

Of course, the exponent ^ has to be constant if the 
group G in question is a symmetry group as follows from 
the above argumentation. In the case of the Galilean 
group one can show it in a completely different way. In- 
deed, the Schrodinger equation possesses a gauge freedom 
■0 1-^ e'-^^"^^'?/' even in the flat Galilean spacetime, com- 
pare ^3 J U3 section III, and together with ■0 the 



appropriately gauged wave equation possesses the solu- 
tion e^^'^'^^ilj. In particular, if it has a solution 0, then 
gifif)^ is a solution to the appropriately gauged equa- 
tion. However, if one imposes the Galilean invariance on 
the wave equation (in addition to the covariance condi- 
tion) then the gauge freedom is eliminated and t he g auge 
function / has to be reduced to a constant, see [ll|. 

Consider now two galilean coordinate systems I and 
I' — rl in the Newton-Cartan spacetime, r being the 
Milne transformation JHJ. Let 0; and ipv = be 
the wave functions describing the same physical state in 
the two systems respectively. The covariance Milne group 
© induces a representation T{1, 1') = T{r) = Tr which 
acts in the space 6 of wave functions '0. In general it ful- 
fills the condition H2fi|l. As we will see there does not exist 
in this case any equivalent representation for which ^ 
is time independent. As is well known there exists an ele- 
gant theory which classifies all ^-s in (I26II . providing that 
^ does not depend on the time t, given by Bargmann Q . 
Then, a natural problem arises to generalise the theory 
to the case with time dependent ^, which we do in the 
Appendix A. As we will see the correspondence between 
equivalence classes of ^-s in (|26|l and 9-s in @ is biunique 
and by this we are able to classify all 0-s. In other words 
one can reproduce the most general transformation law of 
the wave function under the Milne transformations given 
by Eq. JHl . Having given ^ one also has the commutation 
rules for the representation Tr- The Bargmann's theory 
(as well as its generalisation) is based on the fact that 
the exponents ^ in ray representation are determined by 
the group associative law. Namely, consider the transfor- 
mation between the two reference frames I and V: I I' , 
and its action on the wave function. It can be realized in 
a different way, i.e. in the three steps: I ^ I" ^ V" ^ V . 
The three-step transformation can be realized in the fol- 
lowing two ways. First one applies I I" ^ V" and then 
V" ^ I' , or first 1 1-^ I" is applied and then I" i-^ I'" i-^ V . 
The result should be identical. But not all exponents are 
compatible in this sense, and by this the above require- 
ment is very strong. Two problems will arise here. The 
first is connected with the time dependence of the phase 
factor and the second follows from the fact that the Milne 
group © is not any classical Lie group (Bargmann's the- 
ory largely concerns classical Lie groups). But we need 
not the whole Milne group in our analysis. It is suffi- 
cient for us to consider a finite dimensional Lie subgroup 
of the Milne group - the polynomial Milne transforma- 
tions group with the appropriate polynomial degree, com- 
pare subsection IV. However, we construct the most gen- 
eral transformation © for the Milne group, to make the 
analysis more complete. Namely, we built a sequence of 
Lie groups G{1) C G(2) C . . . C G(m) C . . . which is 
dense in the group G of Milne transformations (the for- 
mer G{m — 1) being a subgroup of the later one G{m)). 
Then we extend 9 from G(m) on the whole group G, see 
subsection V.C. 
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Before we proceed further on we make a general com- 
ment concerning the relation (|26|l . There is a physical 
motivation to investigate representations fulfilling H2t)|) 
with ^ depending on all spacetime coordinates X: 



(27) 



Namely, in the Quanum Field Theory the spacetime co- 
ordinates X play the role of parameters such as the time 
plays in the nonrelativistic theory (recall that, for exam- 
ple, the wave functions 5* of the Fock space of the quan- 
tum electromagnetic field are functions of the Fourier 
components of the field, the spacetime coordinates play- 
ing the role of parameters like the time t in the non- 
relativistic Quantum Mechanics). However, we are not 
interested here in it, and will present such an application 
elsewhere. There is another less interesting motivation 
for H27|l . in the nonrelativistic context presented here. 
Suppose the assumption (B) is weakened, in such a way 
that the transition probabilities are given by integrals 
over the hyperplanes h{X) — constant from a family 
covering the whole spacetime 



V'iV2(/i,/)^/.(/)d3y 



H{X) = h 



where ah{y^) is the density of the measure induced on 
the hyperplane H{X) — h hy the spacetime mesure /i 
(note that we can show that T,. has the form © in the 
same way as at the begining of II) . According to the new 
definition of transition probability the conception of equi- 
valence is changed: two waves being equivalent if they 
differ by a phase factor constant along the hyperplanes 
H{X) — const., i.e. 

s — ^ rs ■ 

But it can be shown that any representation of the 
group of transformations ((HJ fulfilling 1271) is equivalent 
to a representation for which ^ = £,{t), and the above 
weakened assumption simplifies to the assumption (B). 

In most proofs there is no essential difference between 
the time dependent ^ in H26|l and the spacetime depen- 
dent ^ in 1)2 7|l . However, we are most interested here in 
(|25|l and confine ourselves to this case, but we mark the 
place at which important difference arises between the 
two cases. 



Galilean group as a covariance group 

As was mentioned in the subsection V.A the wave 
equation possessses the gauge freedom -0 e*^*^"^^ even 
in the flat Galilean spacetime. So, in the situation when 
the Galilean group G is only a covariance group and can- 
not be considered as a symmetry group (as for the elec- 
tron wave function in the hydrogen atom) one should a 



priori investigate such representations G which fulfil the 
Eq. (|26() . with ^ depending on the time. The following 
paradox, then, arises. Why the transformation law 
under the Galilean group has time-independent ^ in H26|l 
independently of the fact if it is a covariance group or 
a symmetry group? We will solve the paradox in this 
subsection. Namely, we will show that any representa- 
tion of the Galilean group fulfilling is equivalent to 
a representation fulfilling (|26|l with time-independent ^. 
This is a rather peculiar property of the Galilean group 
not valid in general. For example, this is not true for the 
group of transformations and this fact will be used 
in section VI. 

According to V.A and the Appendix A we shall deter- 
mine all equivalence classes of infinitesimal exponents S 
of the Lie algebra © of G to classify all ^ of G. The com- 
mutation relations for the Galilean group are as follows 



a/c;] — Sjkaii — Sikaji + Suajk — SjiUik, (28) 



[oy, 6fe] = djkh - Sikbj, [h, bj] = 0, (29) 



[aij.dj = Sjkdi - Sikdj, [di,dj] = 0, [6^, d.j\ = 0, (30) 



[aij,r] = 0, [bk,T] = 0, [dfc,r] = 6^, 



(31) 



where bi, di and t stand for the generators of space trans- 
lations, the proper Galilean transformations and time 
translation respectively and a.^ — —Uji are rotation gen- 
erators. Note, that the Jacobi identity (P?T|l is identical 
to the Jacobi identity in the ordinary Bargmann's The- 
ory of time-independent exponents (see Eqs (4.24) 
and (4.24a)). So, using (|^ - we can proceed ex- 
actly after Bargmann (see 4], pages 39,40) and show that 
any infinitesimal exponent defined on the subgroup gen- 
erated by hi, di,aij is equivalent to an exponent equal to 
zero with the possible exception of 'E.{bi,dk,t) — jSik, 
where 7 = j{t). So, the only components of S defined 
on the whole algebra 25 which can a priori be not equal 
to zero are: E{bi,dk,t) = 7(5jfe, E{aij,T,t), E{bi,T,t) and 
E{dk,T,t). We compute first the function j{t). Substi- 
tuting a = T, a' = bi, a" = dk to |Hn|l we get d'j/dt = 0, 
so that 7 is a constant, we denote the constant value of 7 
by m. Inserting a = t, a' = af, a" = Usj to (|80|l and sum- 
ming up with respect to s we get S{aij,T,t) = 0. In the 
same way, but with the substitution a = T,a' — af, a" ~ 
bs, one shows that S(6i,r, t) = 0. At last the substitu- 
tion a — T,a' — al, a" — dg to (|80l) and summation with 
respect to s gives S(di,T, i) — 0. We have proved in this 
way that any time depending S on 25 is equivalent to 
a time-independent one. In other words, we get a one- 
parameter family of possible S, with the parameter equal 
to the inertial mass m of the system in question. Any 
infinitesimal time-dependent exponent of the Galilean 
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group is equivalent to the above time-independent ex- 
ponent S with some value of the parameter m; and any 
two infinitesimal exponents with different values of m are 
inequivalent. As was argued in Appendix A (Theorems 
3 5) the classification of S gives the full classification 
of ^. Moreover, the classification of ^ is equivalent to the 
classification of possible 9-s in @, see Appendix A. On 
the other hand, the exponent ^(r, s,t) of © can be eas- 
ily computed to be equal 6{rs, X) — 9{r, X) — 9{s, r~^X), 
and the infinitesimal exponent belonging to 9 defined as 
9{r,X) = —mv.x+Yv'^t, covers the whole one-parameter 
family of the classification (its infinitesimal exponent is 
equal to that infinitesimal exponent S, which has been 
found above). So, the standard 9{r, X) = —mv.x-\-^^v'^t, 
covers the full classification of possible 9-s in © for the 
Galilean group. Inserting the standard form for 9 we 
see that ^ does not depend on X but only on r and s. 
By this, any time-depending ^ on G is equivalent to a 
time-independent one. 

This result can be obtained in the other way. Namely, 
using now the Eq. (|84|l we get the commutation relations 
for the ray representation of the Galilean group 

[Ay,v4fci] — SjkAii ~ SikAji ~ SjiAik, 
[Ay, Bfc] = SjkB, ~ 5,kB,, [B„ Bj] = 0, 
[Aij,Dk] — SjkDi — SikDj, 

[A,j,T] = 0, [Bk,T] = 0, [Dk,T] = Bk, 

where the generators Aij , . . . which correspond to the 
generators a^ , . . . of the one-parameter subgroups r(cr) = 
exp((Tay ), . . . are defined in the following way |48l | 

AMX) - lim (^-^-^ - ^^-^(^^ 

Aij is well defined for any differentiable il'{X). So, we 
get the standard commutation relations such as in the 
case when the Galilean group is a symmetry group. The 
above standard commutation relations for the transfor- 
mation Tr of the form (jSJ gives a differential equations 
for 9. It it easy to show, that they can be solved uni- 
quely (up to an irrelevant function f(t) of time and the 
group parameters) and the solution has the standard 
form 9{r, X) = —mv. x + f{t). 

Note, that to any ^ (or S) there exists a coresponding 
9 (and by the result of Appendix A such a. 9 is unique up 
to a trivial equivalence relation). As we will see this is 
not the case for the Milne group, where such S do exist 
which cannot be realized by any 9. 



Milne group as a covariance group 

In this subsection we apply the theory of Appendix A 
to the Milne group of transformations ©• We proceed 
like with the Galilean group in the preceding subsection 
V.B. The Milne group G does not form any Lie group, 
which complicates the situation. We will go on accord- 
ing to the following plan. First, 1) we define the topology 
in the Milne group. Second, 2) we define the sequence 
G(l) C ... C G(to) C ... of subgroups of the Milne group 
G dense in G. 3) Then we compute the infinitesimal ex- 
ponents and exponents for each G(to), m = 1,2,..., and 
by this the in © for G(m). 4) As we have proved in 
Appendix A the (strong) continuity of the exponent and 
9{r, X) in the group variables r Q G follows as a conse- 
quence of the Theorem 2. By this, 9{r,X) defined for 
r S G{m), m = 1,2,... can be uniquely extended on the 
whole group G. As we will see, this can be done effec- 
tively thanks to the assumption that the wave equation is 
local (assumption (C)), that is, the coefficients a,b^,... 
in the wave equation (|ll|l are built in a local way from 
the gravitational potential. 

Before we go further on we make an important remark. 
The Milne group G is an infinite dimensional group and 
there are infinitely many ways in which a topology can be 
introduced in G. On the other hand the physical contents 
of the assumption (D) depends effectively on the topology 
in G. By this the assumption (D) is in some sense empty. 
True, but it is important to stress here, that the whole 
analysis of this paper rests on the Lie subgroup G(m) 
(see the further text for the definition of G(m)) for a 
sufficiently large m, and not on the whole G. Indeed, the 
covariance condition with respect to G(m) instead of G is 
sufficient for us, see IV where the 4-th degree polynomial 
transformations are sufficient. Similarly, it is sufficient to 
consider G(m) in the considerations of the section VI. By 
this, there are no ambiguities in the assumption (D). The 
topology in G is not important from the physical point of 
view, and the extension of the formula Q from G(m) to 
the whole group is of secondary importance. However, we 
construct such an extension to make our considerations 
more complete, living the opinion about the " naturality" 
of this extension to the reader. 

1) Up to now the Milne group has not been strictly 
defined. The extent of arbitrariness of the function A{t) 
in © has been left open up to now. The topology de- 
pends on the degree of this arbitrariness. It is natural 
to assume the function A{t) in © to be differentiable 
up to any order. Consider the subgroups Gi and G2 
of the Milne group which consist of the transformations: 
{x,t) {x + A{t),t) and {x,t) {Rx,t + b) respec- 
tively, where R is an orthogonal matrix, and b is con- 
stant. Then the Milne group G is equal to the semidirect 
product Gi .G2, where Gi is the normal factor of G. It is 
sufficient to introduce a topology in Gi and then define 
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the topology in G as the semi-cartesian product topology, 
where it is clear what is the topology in the Lie group 
G2. We introduce a linear topology in the linear group 
Gi which makes it a Frechet space, in which the time 
derivation operator ^ • ^ — > ^ becomes a continuous 
operator. Let K]y,N — 1,2,... be such a sequence of 
compact sets of TZ, that 

KiC K2(Z ... and |J T^jv = 7^. 

N 

Then we define a separable family of seminorms 
PNiA) ^ max{|A(")(t)|,i e KN,n< N}, 

where A*^") denotes the n-th order time derivative of A. 
Those seminorms define on Gi a localy convex metrizable 
topology. For example, the metric 



A2) = max 



1+Pn{A2- Ai) 



defines the topology. 

2) It is convenient to rewrite the Milne transformations 
© in the following form 

x' ^ Rx + A{t)v, t' ^t + b, 

where u is a constant vector, which does not depend on 
the time t. We define the subgroup G(m) of G as the 
group of the following transformations 



x' = Rx + W(o) + - 



t 

m 



where R = (i?^), v'^^^ are the group parameters - in par- 
ticular the group G(rn) has the dimension equal to 3m+7. 

3) Now we investigate the group G{m), that is, we 
classify their infinitesimal exponents. The commutation 
relations of G{m) are as follows 



Mj,aki\ — Sjkau — Sikaji + Suajk — SuUik, 



An) 



in) r ,(n) .(fe). 



(32) 

(33) 
(34) 



where is the generator of the transformation ?'(w(„-)): 

fn 

which will be called the n-acceleration, especially 0- 
acceleration is the ordinary space translation. All the 
relations and lO are identical with (HHJ lEOI) 
with the n-acceleration instead of the Galilean transfor- 
mation. So, the same argumentation as that used for 
the Galilean group gives: S(ay , Ofc;) = 0, S(aij, d^"'') = 



0, and S(d^"'\ 0?^"-') = 0. Substituting a^,ahi,T for 
a, a', a" into the Eq. (|80|l . making use of the com- 
mutation relations and summing up with respect to h 
we get S(a.y,T) — 0. Substituting a'^ , d''l\ d^^^ for 
a, a', a" into the Eq. (|81|l we get in the analogous way 
S(df\4")) = iS(d«\4"))5,,. Substituting aj\4"\r 
for a, a', a" into the Eq. H8U|) . making use of commuta- 
tion relations, and summing up with respect to h, we 
get E{d["\T) = 0. Now, we substitute d'j!^\df \T for 
a, a', a" in (|80|l . and proceed recurrently with respect 

to n, we obtain in this way S(df\4"^) = P^°''^\t)5,k, 
where p(0'")(i) is a polynomial of degree n — 1 - the time 
derivation of P'^°'"'){t) has to be equal to p("'"-i)(t), 
and F("'0)(i) = 0. Substituting d^^\d'{\T to ^ we 
get in the same way S(d^'\d|"^) — P^'-'^^\t)5ki, where 

^p(;,») ^ p(l-l,n) _^ p(/,n-l)^ rpj^-g j^^Q^^g 

termine all pC'") by the recurrent integration process. 
Note that P("^°) = 0, and p(''") = -p(".0^ go we 
can compute all P^^-") having given the p(o."). In- 
deed, we have P^^'") = _p(o,i)^ p(i,i) ^ o,dP(i'2)/d< = 
p(o.2) ^ p(i,i) ^ dp(i.3) /di = p(o,3) + p(i,2) ^ ... and after 
TO — 1 integrations we compute all pt^'"). Each elemen- 
tary integration introduces a new independent param- 
eter (the arbitrary additive integration constant). Ex- 
actly in the same way we can compute all p(^'") having 
given all p(i'") after the m — 2 elementary integration 
processes. In general the p('~i'") allows us to compute 
all pC'") after the to - Z integrations. So, p(''")(i) are 
l + n~ 1-degree polynomial functions of t, and all are de- 
termined by m{m + l)/2 integration constants. Because 
d[K]{d^[^\ df' ) = 0, the exponents S defined by different 
polynomials pC-") are inequivalent. By this the space of 
inequivalent classess of S is m{m + l)/2-dimensional. 

However, not all S can be realized by the transfor- 
mation Tr of the form @. All the above integra- 
tion constants have to be equal to zero with the ex- 
ception of those in p("^"^(t). By this, all exponents 
of G(to), which can be realized by the transformations 
T,. of the form are determined by the polynomial 
p(o,m)^ that is, by to constants. We show it first for 
the group G(2) , because the case is the simplest one 
and it suffices to explain the principle of all computa- 
tions for all G(to). From the above analysis we have 

p(0,l) ^^^^p(0,2) ^^^i + ^^^p(l,2) ^ l^^i2+^^i + ^^^_^^^ 

where 7^,7(1.2) are the integration constants. We will 
show that 7(1.2) = 0. A simple computation gives the fol- 
lowing formula ^(r, s) = e{rs, X) - e{r, X) - 6'(s, r-^X) 
for the exponent of the representation Tr of the form 
0. Inserting this ^ to the Eq. (|76|l and performing a 
rather straightforward computation we get the following 
formula 



d^9 



8^9 



n\ dxJdvl^^ k\ dx^dvl^ ' 
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for the infinitesimal exponent S of the representation 
given by where the derivation with respect to w^^-j 

is taken at u'^^ — 0. Comparing this S(d^-^\(f^^^) with 
P^^'"-'^5ij we get the equations 



n! dx^dv'^f^^ k\ dx^dv\ 



^ (35) 

'(«) 



Because of the Hnearity of the problem, we can consider 
the three cases 1°. 7(2) = 7(1,2) = 0, 2°. 71 = 7(1,2) = 
and 3°. 71 = 72 = 0, separately. In the case 1°. we have 
the solution 

e{r,x) = ^^—.x + e{t), 

where 9{t) is an arbitrary function of time and the group 
parameters, and A{t) G G(2). In the case 2° we have 

e{r,x) = ^2^.x + e{t), 

with arbitrary function 9{t) of time. Consider at last the 
case 3°. From (|35|l we have (corresponding to (fc, n) = 
(0, 1), (0, 2)) and (1, 2) respectively) 



t : : — = 0, 

dx^dvl^g^ dx'dv^^^^ 



2 dx^dv 



d^0 



(0) dx'dv^^^ 



= 0, 



(36) 
(37) 



2 dx^dv}^^^ dx'dvf^2) 
From (|2HIl and 123 we get 

But '~[df\df ) = = d'^BI'dx^dv'^^^ - d^e/dx'dvl^y so, 
from and lp!Hjl we get 



dx^dv-f^f^^ 2 2 

and 7(1,2) = 0. 
The following 

d/f d^/T ~ 

e{r,x) = j,— .x; + j,^.x + e{t) (40) 

fulfils all Eqs. (|35|l with k,n <2 and its local exponents 
cover the full classification of S's for G(2) which can be 
realized by Tr of the form 0, that is, all S's with 7(1,2) = 
0. Then, according to Appendix A, the formula H4U|) 
gives the most general 6* in Q for r G G(2). This is 



because the classification of S's covers the classification 
of all possible 9's. 

It can be immediately seen that any integration con- 
stant 7(;,g) of the polynomial P'^^''^\t) has to be equal 
to zero if g ^ 0, provided the exponent S belongs 
to the representation Tr of the form ©. The argu- 
ment is essentially the same as that for 7(1,2) ■ It is 
sufficient to consider H35(l for the four cases: (k,n) = 
(Z — 1, (7 — 1), (Z — 1, q), {I, q) and {I, q — 1) respectively. 
Becuse of the linearity of the considered problem, it is suf- 
ficient to consider the situation with the integration con- 
stants in pC^'") equal to zero with the possible exception 
of the integration constant 7(i,g)- We get in this way the 
equations corresponding to (Z— l,g— 1), [l—l,q), {l,q) 
and {l,q~l) with the right hand sides equal to zero with 
the exception of the right hand side of the equations cor- 
responding to {k,n) = {l,q), which is equal to j^ g-fSij. 
From the equations corresponding to {k,n) — {l,q) 
and (Z — 1, g) we get 



^9+1 



j\ dxWv'i^i_^j qll dx^ dv^f^i_^-^ 



7(i,9)*y- 



From this and the equations H35|l corresponding to 
(fc, n) = (q — IJ — 1) we get 



q\ dxidv^i^ llq dx'dv\^_^ 



l(l.,q)k: 



From this and the equations H35|l corresponding to 
(fc, n) — (l,q — 1) one gets 







i+i 



i+i 



Z!g dx^dv-} 



which gives the result that 7(;,g) = 0. 
Consider the 0, given by the formula 



("'^)^^^d7 + ^^d^^ 



d™ A ~ 
Im^+m. (41) 



for r £ G{m), where 7^ are the integration con- 
stants which define the polynomial pC''™) = 



.(„-2) 



(rn-l)! 



72 (^_2)! + • ■ • + 7m, and 0{t) is any function of the time t 
and eventually of the group parameters . A rather simple 
computation shows that this 9 fulfils all H35() for k,n < m 
and that it covers all possible S which can be realized by 
0. That is, the infinitesimal exponents corresponding to 
the 6 given by 14111 give all possible S with all integration 
constants 7(fc.„) — 0, for fc, n ^ 0. So, according to Ap- 
pendix A the most general d{r, X) defined for r G G{m) 
is given by 141|l . 

At this place we make use of the assumption (C), or 
more precisely the assumption that the wave equation is 
local. Recall that we assumed the coefficients a, 6*, . . . , g 
in the wave equation (|11|) to be local functions of the 
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gravitational potential (j). That is, they are an algebraic 
functions of the potential and its derivatives up to the 
finite order - in our case up to the second order. Recall 
also, that we have proved from this assumption (begining 
of the Appendix A) that the 0{r,X) can be a function 
of the 4-th order derivative of A{t) at most, the higher 
derivatives cannot enter into 0. By this, the most general 
9{r, X) defined for r € G{m) has the following form 

0{r,X)^j,— + ... + j,— +e{t), (42) 

4) Now, we extend the formula (|42ll on the whole Milne 
group G. It is a known fact that the time derivative 
operator d/dt : A dA/dt is a continuous operator 
on G in the topology introduced in 1), see e.g. |2J|. It 
remains to show that the sequence G(to), to S is dense 
in G. The proof of this presents no difficulties [2^. By 
this the function 0(r, X) can be uniquely extended on the 
whole group r & G 

dA d^A ~ , 

0(r,X)= 71— + ... + 74^+0(0. 

It should be stressed here that not only the topology in G 
is needed to derive the formula, but also the locality as- 
sumption is very important. If the coefficients a, 6*, . . . , 17 
in the wave equation were admitted to be nonlocal, then 
an infinite number of other solutions for in G would 
exist. 

CONNECTION WITH THE REDUCTION 
PROBLEM 

It is rather surprising that we are able to prove the 
equality of inertial and gravitational mass for one quan- 
tum particle considered as a test body. We consider here 
physical consequences of this theorem. As we have seen, 
the equivalence principle does not follow from this equa- 
lity at the quantum level. Quantum Mechanical (QM) 
laws are non-local in general and the meaning of the equi- 
valence principle in QM is not clear of course. The QM 
laws are twofold in some sense: 1) those concerning the 
unitary evolution for the state vector and 2) those con- 
cerning the Reduction Process. The equivalence principle 
can be applied to the wave equation which determines the 
evolution of the wave function and is local as a differen- 
tial equation. The meaning of equivalence principle is 
unclear when it is applied to the nonlocal laws 2). So, 
even if the equivalence principle was true for 1) it would 
be still an open question if it is true for QM. We have 
shown that the gravitational and inertial masses are equal 
for a system consisting of one quantum particle. But the 
equivalence principle for the wave equation is not fulfilled 
in general because of the additional scalar term K{dadb(t>) 
depending on the second order space derivatives of the 



potential. Consider now the classical equation of mo- 
tion for the test body. If we assume in addition that the 
equation of motion has the folowing form 

d^f 

m^— = -mgd(j), (43) 

where we left open the question of the eventual equa- 
lity nii = nig, then we can eliminate the scalar term 
A{dadb<f>) from the wave equation applying the Ehrenfest 
equations (applying the short-wave limit - the counter- 
part of the geometrical optics limit) . This means that the 
Schrodinger equation for one particle fulfils the equiva- 
lence principle if the above assumption H43|l for the clas- 
sical equations of motion are fulfilled. The assumption 
(I43|l is sufficient to derive the equivalence principle for the 
wave equation. This is not so very surprising because the 
equivalence principle is meaningless for the nonlocal laws 
2) and the status of the equivalence principle (EP) in QM 
remains still open, so that EP in QM does not follow from 
(|43|l . But now the very strange fact comes in. One can 
think along the following track. Because interactions do 
not change the mass in the nonrelativistic limit, one can 
expect that from the equality of inertial and gravitational 
masses for one quantum particle it follows the equality 
for many particle system. It is really the case if one as- 
sumes the standard many-particle QM laws and that the 
many particle de Broglie wave of the system in question 
is testing. That is, if the system does not influence the 
spacetime (the potential in our case). It can be shown, 
if one uses the standard many-particle quantum forma- 
lism and the result obtained for the system consisting of 
one quantum particle. The only additional assumption is 
that the non-gravitational interactions between the par- 
ticles are described by a potential which transforms as a 
scalar and depends on the distance of the interacting par- 
ticles. After this, one can show, that there exists a degree 
of freedom belonging to the center of mass position. The 
wave equation can be separated into the center of mass 
position and the internal degrees of freedom. The wave 
equation for the center of mass position is identical with 
that of one particle Schrodinger equation with the iner- 
tial mass equal to the gravitational mass and equal to the 
sum of all masses of constituent particles [2^ . But this is 
imposible, because we cannot deduce the equality of iner- 
tial and gravitational masses for many particle quantum 
system consisting of arbitrary many particles. This is 
because we believe that such a system of (appropriately) 
many particles should be treated as a classical body, so 
that we were able to prove from our assumptions (A) ~ 
(D) and (|43l) and many particle quantum formalism, that 
the inertial and gravitational masses for classical particle 
are equal - which is the weak equivalence principle. Such 
a principle characterises the gravity field and cannot be 
contained in our assumptions. Something is wrong, be- 
cause there should be a place for two independent mass 
parameters - inertial and gravitational. The equality of 
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the two independent parameters should be a consequence 
of an independent extra assumption about the gravita- 
tional field. Where the gravity law comes from in the 
Quantum Mechanics? We assume that this gravity law 
cannot be contained in the quantum mechanical princi- 
ples and conclude from it 

THEOREM 7. (i) at least some of the orinary QM 
laws (partially assumed in (A) ~ (D)) of many parti- 
cle system in the gravitational field are not valid when 
the system contains appropriately many particles or (ii) 
the system can influence the spacetime geometry when it 
contains appropriately many particles. 

The system of many particles (in the Theorem 7) which 
come into play is still too small to influence significantly 
the gravitational field. By this the possibility {ii) of The- 
orem 7 seems to be irrational. But it is qualitatively im- 
portant if one takes into account the back reaction to 
the field or not - which is a peculiar property of the 
gravitational field. We explain it now, and show that 
also the possibility {ii) leads to some difficulties. Con- 
sider first a quantum system of particles which does not 
influence the gravitational field (which will be assumed 
classical). Then the Milne group JBJ is the covariance 
group of the whole system: particles -f field. But it is 
not a symmetry group. The field breaks any symmetry 
- it does not possess any symmetry in general. So, the 
representation Tj. transforming the particle wave function 
has time-dependent phase factor e'^, see V.A, Appendix 
A and V.C. The factor of Tr can be time-independent 
if and only if the mass m.^ = rrig of the system is zero. 
We assume the mass to be ^ 0. By this, the factor of 
the representation of the Milne group has to be time- 
dependent. Consider now a system, but this time it can 
influence the gravitational field. The Milne group is now 
a symmetry group of the whole system: particles -I- field. 
If one assumes that the whole system can be described in 
terms of quantum mechanics of infinitely many degrees 
of freedom (Quantum Field Theory), then some funda- 
mental difficulties arise. Those difficulties are due to the 
fact that now a unitary projective representation Ur of 
the symmetry Milne group acts in the Hilbert space. By 
this the factor of the representation Ur has to be time- 
independent, see V.A. This by no means can be recon- 
ciled with the fact that if only one particle is present in 
the field, then its wave function transforms according to 
the representation with time-dependent factor, see the 
more detailed discussion below (Theorems 8 and 9). 
The situation is completely different for the non- 
gravitational fields - there are no difficulties in this case. 
After the back reaction to the (non-gravitational) field is 
allowed for, the spacetime symmetry becomes the sym- 
metry of the whole system. So, the symmetry group is 
a subgroup of the Galilean group at most (we consider 
here the nonrelativistic case), and its projective unitary 
representation Ur has time-independent factor, of course. 



If the back reaction to the field is negligible, then the 
Galilean group becomes a covariance group and not any 
symmetry group - the field does not possess any sym- 
metry in general. By this, the representation Tr of the 
Galilean group as a covariance group has a time depen- 
dent factor in general. But this time a representation 
of the Galilean group (as a covariance group) exists 
which is equivalent to Tr and the factor of T^ is time- 
independent, see V.B. So, there is no difficulty with non- 
gravitational field. 

It is probable that the two possibilities {i) and {ii) of 
Theorem 7 are deeply connected. Namely, note that {i) 
as well as {ii) is connected with the system subjected to 
the influence of the gravitational field, where in the case 
{ii) the back reaction to the field is taken into consid- 
eration. By this one could suppose that this difhculty 
has its origin in the gravitational field. We have to be 
careful, however, because it is a priori possible that the 
QM laws for the system consisting of too many particles 
are not valid in general, and the above difficulty is not 
connected with the gravitational field itself. Nonetheless, 
we will show in this section, that any quantum theoret- 
ical description of ineracting quantum system with the 
gravitational field has some fundamental difficulties even 
in this nonrelativistic limit - the troubles connected with 
{ii) of Theorem 7. 

We shall consider the freely falling Schrodinger parti- 
cle in the Newton-Cartan spacetime. Then, we should 
describe the system in the canonical form and quan- 
tize it to obtain the nonrelativistic limit of the quan- 
tum gravitational interactions between quantum parti- 
cles. We ignore now the insurmountable difficulties of re- 
casting such a system into the canonical form l;27]. Any 
attempt to quantize the gravitational interactions with 
the Schrodiger particles rely on some fundamental pos- 
tulates of the quantum field theory. Namely, if such a 
theory possesses a symmetry group G, then there exist 
a unitary projective (up to constant factor, of course) 
representation Ug of the group G in the Hilbert space 

of the system (see the discussion in V. A, Theorem 
1). The quantum fields $(A) are operator valued dis- 
tributions, the transformation laws of which cannot be 
uniquely deduced in general and have to be postulated. 
However, there are always physical limitations for those 
transformation rules, for example when we know what is 
the action of the group in question on the mean values 
of those operators. Now we will analyse what are the 
postulates in our case. In contradiction to the General 
Relativity, the Newton-Cartan theory possesses the abso- 
lute elements and the symmetry group - the Milne group 
© - which is the symmetry group for those absolute el- 
ements [2^. It is therefore natural to assume that the 
absolute elements remain to be absolute when the field is 
allowed to interact with quantum particles. That is, we 
rely on the customary assumption of the quantum field 
theory, that only dynamical objects can be subjected to 
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the " second quantization" . After this we have 

Postulate 1. The Milne group is the symmetry group 
of the Newton-Cartan-Schrddinger quantum field theory. 

Such a postulate was assumed for example in |29j | . Be- 
cause of Postulate 1 it will be useful to confine ourselves 
to the galilean coordinate systems. The dynamical ob- 
ject consists now of the wave function ip and the poten- 
tial (j). But they are promoted to the status of operator- 
valued distributions ^{X) at the "second quaniza- 
tion" level. From the very general laws of the quantum 
field theory it follows 

Postulate 2. There exist a unitary projective (up to 
a constant factor) representation Ug of the Milne group 
G in the Hilbert space 9) of the system. 

Postulate 3. There exist the vacuum state |0) G S) 
invariant under the Milne group G: Ug\Q) = |0) for g G 
G. 

The meaning of the Postulate 3 is clear. Namely, it is 
well known that the canonical quantization of a system 
with finite degrees of freedom is unique up to the uni- 
tary equivalence, which is the consequence of the von 
Neumann-Stone uniqueness theorem. This is not the 
case if the system has infinite number of degrees of free- 
dom. We require the representation to contain the vac- 
uum state defined as in Postulate 3, and make the choice 
between inequivalent representations, see ^29^ where this 
argument was used. After this the Hilbert space is 
the ordinary Pock space and the numbers of particles are 
well defined. The transformation law for the fields i^{X) 
and '^{X) cannot be uniquely determined, but there is a 
natural condition which such a law should fulfil: 

Postulate 4. In the limit where Newton- Cartan grav- 
ity assumes classical spacetime, and the quantum system 
is a single particle, the Eqs. \22\ and (|23|l should 

naturally emerge. 

Let Up denote the total number of particles and let Ug 
denote the quantum numbers characterizing the gravi- 
tational field ^J. The states ^upUg G i3 with a fixed 
number of particles rip have well determined transforma- 
tion law obtained by the restriction of Ug, in accordance 
with Postulate 2, which is always a unitary projective 
representation of G independently of the number of par- 
ticles rip . Because the vacuum state is invariant the one- 
particle state 4'i ,1 transforms under an element g € G 
into a one particle state ^'ip„/ , and in general the state 
^riprig transforms into a state '^'n^n' with the same num- 
ber of particles Up. So, the states 'i'npUg compose a uni- 
tary projective representation of G. Similarily the states 
*ipO = V'^|0) as well as "^OpUg compose a unitary projec- 
tive representation of G. That means that the unitary 
character of the transformation law is achieved indepen- 
dently of the value of the quantum numbers ng charac- 
terizing the gravitational field as well as independently 



of the total number of particles Up. Suppose Ug to be so 
large, that the gravitational field is classical and one par- 
ticle in the field, i.e. Up = 1. According to the Postulate 
4, the field evolves independently of the particle degrees 
of freedom (the field evolves as if the particle were ab- 
sent) and can be separated into the particle and field 
evolution. Then, the state '^i^ng = '4'{X)'^o^ng is the 
product of the particle state and the field state. In accor- 
dance to our discussion ^OpUg as well as "^ipUg composes 
a unitary projective representation of the Milne group 
G with constant factor. By this ^{X) also composes a 
unitary projective representation of G with constant fac- 
tor. Because the transformation law for the one-particle 
state ip{X), when the field is classical and the numbers 
Ug are appropriately large, is given by ® and 1^51) . then 
we have obtained a contradiction. Recall, that the trans- 
formation law Tg as given by Eqs. (O and H23I) does not 
compose any projective representation of the Milne group 
G - the factor of Tg is time-dependent (see subsections 
V.A and V.C). So, we have 

THEOREM 8. The Postulates 2, 3 and 4 are self- 
contradictory. 

This is not so very surprising, because there are se- 
rious physical obstacles to the Postulate 3, even in the 
nonrelativistic case discussed here. Before we proceed 
further on, let us turn our attention for the moment to 
the analog of the Postulate 3 for a nongravitational quan- 
tum field in the Minkowski spacetime (with the Poincare 
group instead of the Milne group). It is meaningful to 
say that the field is zero, independently of the inertial 
observer. In the Newton-Cartan theory the situation is 
substantially different. In accordance to the equivalence 
principle the inertial forces are gravitational in origin. By 
this, it is meaningless to say that the potential of the field 
is zero independently of the galilean observer 31]. This 
is because two galilean frames may be connected by an 
acceleration (element of the Milne group) . Such an accel- 
eration creates the inertial field - which is gravitational 
in origin. 

Nonetheless, even if we assume a much more weakened 
Postulate 3' instead of the Postulate 3, the difficulty still 
remains. Namely, we assume 

Postulate 3'. The number Up of particles is still well 
defined, or the states \0p) G with no particles in the 
gravitational field are well defined, and the space of such 
states is invariant under the action Ug of the Milne group. 

This time the vacuum state |0) is not well defined, 
and the Hilbert space Sj is not the ordinary Fock space. 
The Postulate 3' seems to be physically justified. Of 
course, we do not propose the Postulate 3' as a postulate 
which can replace the Postulate 3 in the sense that we 
are able to omit non-uniqueness property of the second 
quantization. We propose only to assume that Postulate 
3' is true. Using the Postulate 3' and the reasoning such 
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as in the proof of the Theorem 8, we can show 



THEOREM 9. 
contradictory. 



The Postulates 2, 3' and 4 self 



The origin of aU those difficulties is as follows. 1) 
The Milne group as a covariance group has the time- 
dependent factor non-equivalent to any constant factor 
if the mass of the particle is not equal to zero, see V.A, 
Appendix A and V.C. 2) The Milne group becomes a 
symmetry group, when the back-reaction of the parti- 
cles to the gravitational field is considered. But, as we 
know, if G is a symmetry group in quantum mechanics 
or quantum field theory, then the unitary projective rep- 
resentation of G acts in the Hilbert space and by this 
the factor of such a representation has to be constant 
(time-independent in our case), see V.A. In particular 
the one-particle states should compose irreducible uni- 
tary projective representations of the symmetry group, 
with constant factor. This cannot be reconciled with 1), 
or strictly speaking with the transformation law and 
(j^ . with time-dependent factor. Note, that the gauge 
freedom is essential for this difficulty - the possibility of 
the existence of the time-dependent factor is due to time- 
dependent gauge freedom, see V.A. Note also, that this 
difficulty is deeply connected with the gravitational field, 
at least in this nonrelativistic case. Indeed, the factors 
for the Galilean group treated as a symmetry group are 
the same as in the case when it is a covariance group, and 
only the interactions with the gravitational field can " en- 
large" the symmetry group to be a greater group then the 
Galilean group (the maximal symmetry of the spacetime 
in the nonrelativistic case) . In the nonrelativistic theory, 
the symmetry group is "enlarged" to be the Milne group. 

It should be mentioned at this place that the troubles 
in quantum field theory generated by the gauge freedom 
are of general character, and are well known. But - one 
could argue - we have learned what should be done to 
make the theory at least practically useful. For example, 
there do not exist vector particles with helicity — 1, which 
is a consequence of the theory of unitary representations 
of the Poincare group, as was shown by Jan Lopuszahski 
|32l |. This is apparently in contradiction with the exis- 
tence of vector particles with helicity = 1 in nature ~ 
the photon, which is connected with the electromagnetic 
fourvector potential. The connection of the problem with 
the gauge freedom is well known j32j . We omit however 
the difficulty if we allow the inner product in the Hilbert 
space to be not positively defined - the inner product 
can be zero or even negative for well defined states of the 
Hilbert space, see the formalism of Gupta and Bleuler 
[13, or the so called BRST formalism [34]. Then, we 
define the subset of the Hilbert space (the Lorentz set in 
the Gupta-Bleuler formalism, or the kernel of the BRST 
symmetry generator in the BRST formalism) on which 
the inner product is positively defined and can be nor- 
mally interpreted, which makes the theory at least prac- 



tically useful. One could argue that the situation with 
the gravitational field could be the same - i.e. that there 
exists an analogous procedure, which makes the theory 
at least practically useful. Such a procedure, however, 
should be very radical and by this we think that the 
problem is fundamental rather. We explain it. The pre- 
sented difficulty has a deep connection with the gauge 
freedom difficulties indicated by J. Lopuszahski. Indeed, 
due to 32], the vector potential (promoted to be an op- 
erator valued distribution in QED) cannot be a vector 
field, if one wants to have the inner product positively de- 
fined - together with the coordinate transformation the 
gauge transformation has to be applied, which breaks the 
vector character of the potential. Practically it means 
that any gauge condition which brings the theory into 
the canonical form such that the quanization procedure 
can be consequently applied (with the positively defined 
inner product in the Hilbert space) breaks the fourvector 
character of the electromagnetic potential, the Coulomb 
gauge condition is an example. To achieve the Poincare 
symmetry of Maxwell equations with such a gauge con- 
dition (the Coulomb gauge condition for example), it is 
impossible to preserve the vector character of the poten- 
tial - together with the coordinate transformation a well 
defined (by the coordinate transformation) gauge trans- 
formtion / has to be applied: 

This means that the electromagnetic potential has to 
form a ray representation (in the sense of V.A and Ap- 
pendix A) of the Poincare group, with the spacetime- 
dependent factor e*^. Because it is imposible to form a 
projecive unitary representation (of the Poincare group 
in this case) with the spacetime-dependent factor we get 
a difficulty. There are, however, other realizations of 
the Poincare group with the factor = 1 (/ = 0), that 
is, with the potential which transforms as a vector, and 
such that the Maxwell equations have a canonical form 
and are invariant with respect to the Poincare group (at 
the classical level) - for example, the Maxwell equations 
with the Lorentz gauge condition. Thanks to that, the 
Gupta-Bleuler formalism can be built up. The situation 
with the gravitational field is different. There do not ex- 
ist any trivial realizations (with the factor = 1) of the 
Milne group formed by the geometrical structure of the 
spacetime (which is the analogue of the electromagnetic 
potential), such that the Newton-Cartan theory is in- 
variant with respect to the Milne group, see By this 
there does not exist any construction analogous to that 
of Gupta and Bleuler. 

One could argue that the troubles indicated in Theo- 
rems 7-8 are characteristic for the nonrelativistic case 
only, and they probably disappear in the relativistic the- 
ory. Such a reasoning cannot be true. Indeed, any rel- 
ativistic theory possesses a well defined nonrelativistic 
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limit, with the symmetries characteristic for the nonrel- 
ativistic theories investigated here. We beHeve that such 
a Hmit should not lead to any selfcontradictory conclu- 
sions. 

Summing up the results, the many-particle quantum 
mechanics laws for the system in the gravitational field 
are not self-consistent independently of the fact if the 
back reaction to the field is allowed for or not, at last 
in this nonrelativistic theory. There are two main possi- 
bilities, 1) the gravitational field is responsible for those 
difhculties of many-particle quantum mechanics, or 2) 
the many-particle quantum mechanics itself is not valid 
for systems consisting of appropriately many particles, 
independently of the gravitational field. One could as- 
sume that the equivalence principle can be derived from 
QM laws, and by this the Theorem 7 would not be true - 
there were no difficulties. But such an assumption would 
be strange and instead of the Theorem 7 a new problem 
would arise: where the gravity law comes from in the QM 
laws? 

Some authors [13, H^, 113, IH, H^, 113, El, El 

suppose the gravity field to be responsible for the state 
vector reduction process. Those authors seem to agree 
with the possibility 1). Others 0| treat the Quantum 
Mechanics as a selfconsistent theory and the state vector 
reduction as an apparent process which is an artefact of 
the interactions with environment. We do not agree with 
in this respect, the present paper can be treated as 
an argument in the discussion. 

There are experiments testing the quantum laws for 
"big" systems which are built of many quantum parti- 
cles. See for example the beautiful experiment with the 
superposition states of the fuUerene molecule Ceo 
We expect that the Quantum Mechanical predictions fail 
in such experiments for the appropriately big molecule. 

It seems neces sary to make a comment on the work 
by J. Christian |22j. This is an interesting paper in 
which a recasting of the Newton-Cartan-Schrodinger sys- 
tem into a canonical form is reached. However, a bit 
deeper analysis is needeed to derive some further con- 
sequences. Namely, 1) the investigations of the symme- 
try group of the Newton-Cartan theory is needed and 
the role of the gauge freedom, 2) the investigation of the 
quanization procedure of that canonical system is needed. 
We have attacked the problem 1) in The canonical 
formulation given in |29j cannot be reconciled with the 
invariance property of the Newton-Cartan theory under 
the Milne group. The present paper shows, that even if 
it was possible to recast the Newton-Cartan theory into 
a canonical form, then the problems indicated by Theo- 
rems 8 and 9 would arise. 



SUMMARY 

The covariance condition in quantum mechanics is 
much stronger then the covariance condition at the clas- 
sical level. There are many possibilities for the gener- 
ally covariant classical theory of classical particles in the 
gravitational field with the inertial mass not equal to 
the gravitational mass nig. This is imposible in quan- 
tum theory - the covariance condition is so strong, that 
it almost uniquely determines the wave equation, and 
moreover, the equality rrii — rUg has to hold in the quan- 
tum theory. This is acceptable from the physical point of 
view, if the system of quantum particles is " small" - the 
equivalence principle in QM cannot be derived from the 
equality = mg. That is, the equivalence principle still 
remains an open question, and the equivalence principle 
cannot be derived, so that the equality rui = nig is not 
so strange. But the equality rrii = nig can be derived for 
arbitrary "big" quantum system, provided the back reac- 
tion of the system to the gravitational field is negligible. 
We could derive, then, that to, — nig for macroscopic sys- 
tems, provided that the macroscopic system can be de- 
scribed by the many-particle Quantum Mechanics. But 
we have assumed that this is impossible. We conclude 
from this that 1) the macroscopic systems cannot be de- 
scribed by many-particle Quantum Mechanics, or 2) the 
back reaction to the gravitational field is not negligible. 
Next, we have shown, that also the possibility 2) leads to 
some difficulties. So, in any case the QM laws of a many- 
particle system in the gravitational field are inconsistent. 
We have left open the question if the gravitational field is 
responsible for this inconsitency allowing the possibility 
that the many-particle QM laws are not valid for "big" 
systems. We expect that some quantum mechanical pre- 
dictions fail for the superposition states of a suitably big 
molecule. According to the beautiful experiment |4j| the 
molecule has to be bigger than the fuUerene molecule Ceo- 
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APPENDIX 
Generalization of Bargmann's theory 

We investigate here the exponents ^ of a ray represen- 
tations Tr in the space & of waves functions ip fulfilling 
(|26|l . In the sequel any -0 is considered as an element of 
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6 and not as any element of the Hilbert space of wave 
functions in the " Schrodinger picture" . 

It becomes clear in the further analysis that the group 
G in question has to fulfil the cosistency condition that 
for any r G G rt is a. function of time only. Beside this we 
confine ourselves to the classical Lie groups. We follow 
Bargmann's Q line of reasoning if only it is possible. 

Consider two representatives ipi, i — 1,2, of the unit 
rays ipi. That is, HV'iH? = {ipi,ipi)t = HV'ilP = 1, it is 
possible because ipi are elements of rays and ipi can be 
"normed" in such away. Note first, that 

{ipl - 'i/'2,V'l - "02)* = Hi ~ ^2||? 

does depend on the time in general. Indeed, we have (for 
unit Ipi) 

2(1 - |(Vi,^2)t|) < IIV^i - H\t = 2(1 - Re(V'i,^2)0 < 

<2|l-(^i,V;2)t|, (44) 

where Re stands for the real part. 

Second, note that Schwarz'-like inequality is fulfilled 
at each time t 

\{lpl,i'2)t\ < V {lpl,tpl)t{tp2,'tp2)t 

and both sides are equal if and only if ipi = a{t)'ijj2, in 
our case \a{t)\ = 1 because tpi and ip2 are unit. 

We define the inner product - a well defined time in- 
dependent number 

■01 .i/ja = sup I (-01, -02)* I 
ten 

where 0i and 02 are any elements of 0i and xpi respec- 
tively. From the Schwarz'-like inequality 0i . 02 < 1 
and 01 . 02 = 1 if and only if 0i = 02- The distance 
d(0i, 02) between the two rays </>i and 02 is defined as 
follows 

£^(■01, ■02)= inf sup 1101 - 02|lt. 
V'iSV'i ten 

To show that d is really a metric in the space of unit rays, 
we need a Lemma (we need this Lemma later on also). 

LEMMA 1. The inequality 

2(1- 1(01, 02)t|)<d(t/>i,t/,2)' 

is valid for any t Cz TZ and any 0i G ■0i- 

PROOF. Let Ipi be any two representatives of ipi re- 
spectively. If 0^ € Ipi, then 0^ = e*°'''-*-'0i. After this one 
has (0i,02)t — e^'^^'HV'ij 02)t with the relative phase 
(7 = (72 — ci . Denote the set of all differeniable real func- 
tions by "D. We have 

Re(0;,0i)t = Re[e^-(*) (01,02)*] < |e^"(*)(0i, 02)t| 



= |(01,02)t|- 

By this one has 

mfRe[e''^(*) (01,02)*] < inf |(0i, 02)t|. 

So we have then 

sup inf Re[e-(*) (01,02)*] < inf \fit)\, 

and get the inequality 

sup inf Re(0'i,0^)t < inf |(0i,02)t|. (45) 

On the other hand one gets (for unit rays ipi), using H44() 
(where d stands for d{ipi,ip2)) 

d'^ inf sup ||0'i- 0^11? = 
'/■i^V'i ten 

inf sup2(l-Re(0;,02)t) = 
V'^Gi/'i ten 

inf 2(1- inf Re(0i, 0^)0 = 
xji'.e-ipi ten 

2(1- sup inf Re(0;,0i)t). 

ip^etpi 

From (|45|l we get 

^(-01,-02)' = 2(1- sup inf Re(0'i, 0^)0 ^ 
ip'^eipi '■^'^ 

^ 2(1 - inf 1(01,02)* I ^ 2(1 - 1(01, 02)* I, 

for any t E TZ. 

Note that the above proof is not valid for sets Si = 
{T(t)0i, |r| = 1} C 6 which are not equal to any rays. 
This is because the expression |(0i,02)*| is time depen- 
dent in general if ipi € Si, and in general the elements 
Ipi £ Si cannot be normed, see the preceding subsection. 

From the Lemma 1 and the Schwarz'-like inequality 
follows that d('0i, ^02) = if and only if 0i = ■02- 

Making use of the triangle inequality 

1101 - 03||t < 1101 - 02||t + 1102 - 03||t 

one can show the triangle inequality for d. Indeed, tak- 
ing the supremum of both sides of the above triangle 
inequality with respect to t £ TZ and then the infimum 
with respect to 0i € 0i and 03 G 03 we get (recall that 
mi^^A,yeB f{x, y) = inf^^gA infy^B f{x, y)) 

d{ipi,ip3)< inf sup 1101 - 02||t-f 
V'lei/'i ten 

+ inf sup 1102 - 0311*. 
4'3eip3 ten 
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Now, taking the infimum of the first term on the right 
hand side with respect to V'2 G '02 and then the same 
infimum of the second term in the inequality (and mak- 
ing use of the incquahty) we get the triangle inequality: 
d(^2,'03) < rf(V'ii'02) + ^('02, ■03)- We have proved in 
this way that the rays if) with d{ipi,ip2) form a metric 
space. 

LEMMA 2. The scalar product ip\ . ■02 is continuous 
wih respect to the metric d{xpi,xp2)- 

PROOF. Consider three unit rays ip,ipi,ip2- Let 
and "017 02 be any representatives of the rays. Then, one 
has 



10 . 01 - . 02| 



SUp|(0, 0l)t| 

ten 



sup |(0,02)t| 

ten 



< 



SUp{|(0,0l)t| 

ten 



-|(0,02)t|} 



sup I |(0,0i)i|-|(0,02)t| 

ten 



< SUp|(0, 0i)t - (0,02)i| = sup 1(0,01 - 02 

ten ten 
But from Schwarz'-like inequality one has 



sup I (0,01 

ten 



02)t| < sup 1101 - 02||t 

ten 



for any representatives 0i S 0i, (note that (0,0)t = 
II 011 1 is a well defined number constant in time and equal 
to 1, because is a representative of a ray). Because the 
inequality is valid for all representatives 0^, so taking the 
infimum of the right hand side with respect to 0i € 0i 
we finally get 

10 . 02 - . 02| < rf(01,02)- 

Repeating the same arguments one shows 

101 ■02-03-041 < d(01, 03) + ^(02, 04)- 

Now we define the operator ray 

T = {tT, t = T{t) and |r| = 1} 

which corresponds to the operator T. Any T £ T will be 
called a representative of the ray T. 

In the sequel only such operators T (acting in the space 
6 of waves 0) will be considered for which 

(r0i,r02)t = (01,02)t if (01,02)t ^ const = (0i,02), 

for 0i e 6, and such that T transforms rays into rays 
(note that our transformations Tr in @ fulfils the as- 
sumptions). Of course any operator Tr of a representa- 
tion of a covariance group has to transform rays into rays 
and " Schrodinger pictures" into " Schrodinger pictures" . 
A comment is necessary on the assumption. It could 
seem that the more simple assumption can be applied, 
namely that (T0i,T02)t = (0i,02)t for all 0^ G &. But 
this is not the case. Such an assumption is too strong. 



Consider for example the transformations and the 
wave function and its transform 0' such that (0,0')t 
depends on t. Then apply the time translation T (ac- 
cording to 0), after this {Tip,Tip')t ^ (0, 0')t in gen- 
eral. This, however, poses no difficulty because this time 
and 0' do not belong to the same "Schrodinger pic- 
ture" and |(0,0')t| cannot be interpreted as a transition 
probability. On the other hand if the two waves 0i and 
02 both are members of the same " Schrodinger picture" 
then |(0i,02)t| = |(<^i7</'2)| has the interpretation of the 
transition probability and is constant, but according to 
our assumption the transition probability is the same as 
in the transformed frame: (T0i,T02)t — (0i,02)t- This 
is natural (and necessary from a quite general point of 
view) that the transition probability between two physi- 
cal states mesured by any observer should be the same. 
Note, that in particular {Tip, Tip) t — {ip,ip)t — 1 for any 
element of any ray. 

The product TV is defined as the set of all products 
TV such that T eT andV eV. 

After this the condition 1)26(1 can be written in the fol- 
lowing equivalent form 

T T T 

r-'- s — -"-rs- 

Any representation Tr {i.e. a mapping r i— > T,. of G into 
the operator rays) fulfilling the condition will be called a 
ray representation. Because Tr transforms rays into rays, 
we have Tr(e*^'-*^0) = e*^'''^*-'Tr0. In the sequel we assume 
that the the operators Tr are such that £,r{t) = ^{r^^t). 
Note again, that our operators Tr in © fulfil it. 

Now we make the last assumption, namely the assump- 
tion that all transition probabilities vary continuously 
with the continuous variation of the coordinate transfor- 
mation s S G: 

(D) For any element r in G, any ray and any positive 
e there exists a neighborhood 91 of r on G such that 
d{Tsip,Trip) < e if s G 91. 

We consider a Lie group G in this subsection and the 
meaning of the word 'neighborhood' is clear. In the case 
of the group of transformations l|njl the meaning has to 
be defined, but we will do it later on, see subsection V.E. 

Note that the assumption (D) is, in some sense, "nat- 
ural" if the group G is a symmetry group. In such a case 
Trip together with belongs to the same "Schrodinger 
picture" and the transition from the state ip to the state 
Trip is possible such that the words 'transition probabil- 
ity betwen Trip and Ts0' are meaningful. If the group G 
is a covariance group, then the above two wave fuctions 
do not belong to the same "Schrodinger picture" and in 
general the meaning of the above transition probability is 
not well defined in this case. But, (D) is still a "natural" 
assumption. This is because the operators T of the repre- 
sentation cannot depend on the dynamical objects of the 
spacetime geometry (in our case they cannot depend on 
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the gravitational potential (f>). Indeed, T = T{(j),r) de- 
pending on (f) would depend on the coordinate frame in 
addition to the transformation r contrary to the fact that 
T{l,rl) = Tj., see 0' because the potential has different 
numerical forms in different frames. So, the representa- 
tion T of G is universal in the sense that it has a common 
form for all spacetimes (all gravitational potentials in our 
case). So, one cannot exclude that for any fixed r and s 
there exists a potential such that the two Tj.ip and Tg^/; 
do belong to the same "Schrodinger picture" (of course 
it can happen that it is not the case for any s' ^ s and 
r' ^ r). This justifies a "naturality" of (D). 

Basing on the assumption (D) one can prove the fol- 
lowing 

THEOREM 2. Let T,. be a continuous ray representa- 
tion of a group G. For all r in a suitably chosen neigh- 
borhood D^o of the unit element e of G one may select a 
strongly continuous set of representatives Tj. £ Tr- That 
is, for any compact setC C TZ, any wave function ip £ 6, 
any r g ci'fT'd any positive e there exists a neighborhood 

01 o/r such that \\Tsip — TripWt < e if s £ ^ and t £ C. 

PROOF. (We follow closely Bargmann's-Wigner's ex- 
position , the very small modification is due to the time 
dependence of the phase factor). For each ray ip we se- 
lect one and only one representative ip. Let xpo be a fixed 
ray and ipo its representative chosen in accordance with 
our selection. Set pr — ipo • Tripo- By (D) and Lemma 

2 is a continuous function of r; note also that pe = I. 
Then one can choose for a fixed positive a, < a < 1, 
a neighborhood O^o of e such that a < pr < 1 for every 
r £ Olo- Therefore we may select a uniquely determined 
representative T,. £ Tr for r £ VIq which fulfils the equa- 
tion 

{iPo, TrlPo)t = Pr = -00 . (46) 

at each time t because pr is a number ^ for r £ ^Rq- 
From the Schwarz'-like inequality one has T^^po — V'o and 
because = 1, Te = 1. Note, that ^ is meaningful, 
because Tr transforms rays into rays and xpo • Tr'4'o is a 
well defined number. This is the definition of Tr- Now 
we will show its strong continuity. 

We need some auxiliary relations. Let ip £ xp, and set 

drAi') = d{Trip,Tsi>), (Jr,s{i') = (T,v,r,v)t, (47) 

Zr,s(V') = Tsijj - ar,sWTrlp. (48) 

Clearly Zr.sO') is orthogonal to Trip in the sense that 
{zr_s{''P),Trip)t = for any t, so, we have, using Lemma 
1 

{ZrAlp),ZrAlp))t = \\Zr.s(lp)\\^t = iTs1p,Ts1p)t- 
-{Ts1p,Tr1p)ta-r,s{lp) = [lp,1p)t - CTr,s(V')*0-r,s(V') = 



= 1 - |a,,,(^)|2 < drA^f- (49) 

First, we show the continuity of Tripo- By (|48|l and 

(gHl {lpo,ZrA^o)t = i'lpo,Ts'lJjo)t - 0-r,s{lpo)ilJjo,Tr'lpo)t = 
Ps - Crr,silpo)Pr, SO that 1 - ar,s{tpo) = (l/Pr){Pr - Ps + 

{tpo,Zr,s{ipo))t}- From Lemma 2 \pr - ps\ < rfr,s(V'o). 
Thus we have by (|^ and (|^ . using the Schwarz'- 
like inequality 

\\TsiPo - TriJoWt < 2|1 - arAi^o)\ < (4/a)4,, (^-o) , 

for all t, so for any t £ C (with any compact C C TV). But 
from (D) for every positive e there exists a neighborhood 

of r such that {'i/a)dr,s{'ipo) < e^f s € 01. 

Second, consider a unit wave function ijj (from the sele- 
cted set) orthogonal to tpo (i.e. {tp, tpo)t = for each time 
t). Set ipi — {l/V2){ipo+tp), so that ||V'i||t = constant = 

1. By EHl) iTrlPo,Zr,s{^l))t = {TriPo - TslPo,TslPl)t + 

(Tsi>o,Tsi>i)t - ar,sii>i)iTripo,Tripi)t- Siuce ilpo,4'l)t = 
I/V2 — const we have {Tripo,Tripi)t — {tpo,ipi)t — 
l/\/2, according to our assumption about Tr- So, we 
obtain 

1 - CTr,s('0l) = V2{{Trl/jo, Zr^s{lpl))t + 
-\-{Tstpo - Tripo, Ts1pl)t} 

and thus, by (|^ . 

\\TslPl-TrMt < 2|l-(7,,,(V^i)| < 

< 23/2{d,,,(^i) + WTsyJo - Tr4>o\\t}, 

for any time t, so for any t £ C. The continuity of Tripo, 
proved above, implies the continuity of Tripi and by this 

that of Trip = y/2Tr1pl — Tripo- 

Third, let ip2 be arbitrary wave function from the sele- 
cted set of representatives. Set ip2 — Xiipo + ^2ipi where 
-01 is a unit wave vector (from the selected set) orthogonal 
to ipo- Then Trip2 = ^iTripo -\- X2Tripi and the continuity 
of foi' any element ip2 of the selected set follows. 

Fourth, let ip be any element of any ray ip C &. So, 
we have ip = e^^'^^^ip for some element ip of the selected 
set. We have 

WT^^^Tr^t < |e^^«=(*)-«-W> - 1| + \\Ts^ - TriPWt. 
So, according to our assumption about Tr 

m^-TrM\t < |e'(«(^"*)-«'-"*»| + ||r,^-r,7^||t. (50) 

Because ^ (t) is a differentiable function (and by this con- 
tinuous) and the group G is a Lie group (and by this a 
continuous group, and rt is a continuous function of r and 
t) then, for any compact C and any e' there exists a neigh- 
borhood m' of r such that |e^{«(''"'*)-«('-"'*)> - 1| < e' if 
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s G W and i e C. Indeed. The function F = F{s,t) = 
|gi{5(s t)-^(r t)} _ 2| ^ is a continuous function of 
(s,t), such that F{r,t) — 0. Let e' be any positive num- 
ber and C any compact subset of TZ. For any t G C there 
exist a neighborhood Olf of r and a neighborhood Ct of 
such that F{s, t) < e' if (r, t) e il* = x C*. Because C 
is compact and 

tec 

then 

C c U . . . U Ct„ 
for a finite sequence ti, tn- Now we define 

^yi' = '^t^ n . ..noit„. 

After this < F{s,t) < e' for any (s,t) G OT x C. Note 
that the compactness of C is essential. From this and 
from the continuity of Trip and the inequahty (|50() the 
continuity of Trip for any element ip of any ray follows. 

Fifth, because any G S is a linear combination of 
elements of rays and the sum of continuous functions is 
a continuous function, then the continuity of Trip for any 
■0 G S follows. 

REMARK. Note that the Theorem 2 is true for any 
continuous group G, provided (D) is assumed for G 
(the proof remains unchanged). Also in the case when 
f = £,{X) the proof remains unchanged, of course the 
conception of the ray has to be consistent with H27|l and 
with the time evolution of ip (or 4" in the Quantum Elec- 
trodynamics) i.e. with the gauge freedom of the time 
evolution. 

The representatives Tr G Tr selected as in the The- 
orem 2 will be called admissible and the representation 
Tr obtained in this way the admissible representation. 
There are infinitely many possibilities of such a selection 
of admissible representation Tr (or infinitely many ^-s 
in I2E1)), and this is our aim now to classify them. We 
confine ourselves to the local admissible representations 
defined on a fixed neighborhood O^o of e G G, as in the 
Theorem 2. 

Let Tr be an admissible representation. With the help 
of the phase e*''^'''*^ with a real function ({r, t) differen- 
tiable in t and continous in r we can define 

r; ^ e'^^-^'^^Tr, (51) 

which is a new admissible representation. This is trivial, 
if one defines in the appropriate way the continuity of 
C{r,t) in r. Namely, from the Theorem 2 it follows that 
the continuity has to be defined in the folowing way. The 
function C(''iO called strongly continuous in r at 

rg if and only if for any compact set C and any positive 
e there exist a neighborhood of such that 



for all r G OIq and for all t £ C. But the converse is 
also true. Indeed, if also is an admissible represen- 
tation, then H51|l has to be fulfilled for a real function 
C(r, t) differentiable in t because and Tr belong to the 
same ray, and moreover, because both T^^p and Tr'ip are 
strongly continuous (in r for any ip) then (^(r, t) has to 
be strongly continuous (in r). 

Let Tr be an admissible representation, and by this 
continuous in the sense indicated in the Theorem 1. One 
can always choose the above C in such a way that Tg = 1 
as will be assumed it in the sequel. 

Because TrTg and Trs belong to the same ray one has 

TrTs = e*«('''"'*)r^« (52) 

with a real function ^(r, s, t) differentiable in t (the moti- 
vation for the differentiability assumption has been given 
above). From the fact that Tg = 1 we have 

e(e,e,t) = 0. (53) 

From the associative law {TrTs)Tg = Tr{TsTg) one gets 

C(r, s, t) + ^(rs, g, t) = i{s, g, r^H) + ^(r, sg, t). (54) 

The formula (|54|l is very important and our analysis 
largely rests on this relation. From the fact that the 
representation Tr is admissible follows that the exponent 
^(r, s,t) is continuous in r and s. Indeed, take a ip be- 
longing to a unit ray %p, then making use of (|52|) we get 

e'«-,-.*)(T,, - Tr,s')i: + {Tr>{Ts> - T,)V^ + {Tr' - T,)r,V 

Taking norms || . ||t of both sides, we get 

\e'^^^'^''-'^ - e^«('^'^'*)| < \\iTr,s' - TrM\t+ 

+ \\Tr'{Ts' - TM\t + \\{Tr' - Tr)TMt- 

From this inequality and the continuity of Trijj, the con- 
tinuity of ^(r, s, t) in r and s follows. Moreover, from the 
Theorem 2 and the above inequality the strong continuity 
of ^{t, s, t) in r and s follows. 

The formula (|51(l suggests the following definition. 
Two admissible representations Tr and are called equi- 
valent if and only if = e*^^'''*^Tr for some real function 
C(r, t) differentiable in t and strongly continuous in r. So, 
making use of ^ we get T/T^ = e*«'(''^"'*)r;,, where 

C'(r, s, t) = t) + C(r, t) + C(s, r-H) - C(rs, t). (55) 

Then the two exponents f and ^' are equivalent if and 
only if (|55|l is fulfilled with C(r, t) strongly continuous in 
r and differentiable in t. 

From H53|) and (|54|l immediatelly follows that 



|C(ro,i)-C(r,OI <e, 



^{r,e,t) =0 and £,{e,g,t) = 0, (56) 
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^ir,r'\t)=ar-\r,r-H). (57) 

The relation l)55|l between ^ and will be written in 
short by 

e = c+m- (58) 

The relation (|55|l between exponents ^ and ^' is reflexive, 
symmetric and transitive. Indeed, we have: ^ = ^ + A[C] 
with C = 0. Moreover, if ^' = ^+A[C] then ^ = ^'+A[-^]. 
At last if = ^ + A [C] and = + A [C] , then C' + 
A[^ + (']. So the relation is an equivalence relation, and 
will be sometimes denoted by ^' = ^. The equivalence 
relation preserves the linear structure, that is if = 
(with the appropriate Q-s) then Ai^i+A2C2 = Ai^J +A2C2 
(with C = AiCi + A2C2)- 

As was mentioned, our main task of this section is 
the classification of 6{t, X) in the transformation law 
given by @ for the Milne transformations r of the form 
© . Before we proceed further on, we show that the cor- 
respondence £, 9 between ^ and 9 defined globally on 
the group of transformations jnj is one-to-one, if only the 
corresponding 9 does exist (the correspondence is up to 
an irrelevant equivalence transformation of 9). That is, 
not for all ^ there exists the transformation of the form 
with the exponent equal to ^, but if such a transfor- 
mation does exist, then it is unique (up to an irrelevant 
equivalence transformation). By this, the classification of 
^-s gives the full classification of all possible 9-s. Strictly 
speaking this is true for the Milne group © with differ- 
entiable A{t) (up to any order). But it is sufficient for 
us, that it is true for any Lie subgroup G of 0, which 
contains the subgroup of space translations (see IV and 
V. C). Let G be such a Lie subgroup of Note, that 
instead of the wave functions ip{x, t) one can investigate 
the appropriately defined functions f{g, t), where g £ G. 
We make the definition below. Let us introduce the group 
coordinates on G, in general the whole atlas of coordinate 
maps has to be used, of course. But taking into account 
the structure of the group lO , G is a semidirect product 
GsT • Gi of the space translation group Gst and a Lie 
group Gi. So, there exists an atlas of coordinates {u, ya) 
with the global coordinates u e TZ"^ for Gst, and ya the 
coordinates of a map (a) belonging to an atlas of Gi. As- 
sume the coordinates on G to be defined by such an atlas, 
fixed once for all. Consider a galilean reference frame in 
which the spacetime coordinates are (x, t) . There is a bi- 
unique correspondence between x and the set Ss of such 
elements g G G, that the space translation coordinates 
M of 5 are equal to x. We define the function f{g,t) to 
correspond uniquely to V' if and only if /(S'j, t) — ip{x, t), 
that is, for any g G Sg f{g,t) = ip{x,t). After this the 
transformation takes on the following form 

Trfiu, t) = e-*''('-^"'*'/(r-iu, r-4), (59) 



where z?(r, 5*^, t) = 9(t, x, t). Similarily, 

{^ui^2)t = I mg,t)h{g,t)d'g={h,h)u 

J Gst 

where Gst stands for the space translation subgroup of 
G and d' g is the left invariant measure on Gst induced 
by the left invariant measure dg on G. So we have con- 
structed another realization of S, which will be denoted 
by the same symbol 6. We will show that there is a 
biunique correspondence between equivalence classes of 
d (or 9) and equivalence classes of exponents ^ for the 
group G. It is trivial, of course, that for any transfor- 
mation Tr defined by d there exist uniquely determined 
exponent ^, which can be easily computed to be equal 

e(r, s, t) = i?(rs, 5, t) - d{s, T-^g, r-H) - d{r, g, t), (60) 

and the dependence on g cancels on the right hand side. 
But also conversely, if d defines a strongly continuous 
representation Tr with the exponent ^, then is deter- 
mined up to an equivalence transformation. Indeed, be- 
cause Tr corresponding to is a ray representation with 
the exponent equal to ^, then i? has to fulfil Eq. I|()U|I . 
Substituting s = r~^g to the equation (|60|l we get 

z9(r,5,i) = -^{r,r-^g,t) + i){g,g,t)-i3{r-^g,r-^g,r'H) 

^-ar,r-'g,t) + A^r,g,t). (61) 

Because ^ is an exponent it fulfils H54|l and it can be 
shown that the function d{r,g,t) = —(^{r,r~^g,t) fulfils 
the equation (|^ . so the function Az9(r, g, t) = ^{g, g, t) — 
•d{r~^g,r~^g,r~^t) has to fulfil the equation 

Ai9(rs, g, t) - M{s, r-^g, r'^t) - Ai?(r, .g, t) = 0, 

which is indeed, identically fulfilled. We show that 
the two functions 'd{r,g,t) and i}'{r,g,t) = i3{r,g,t) + 
^{g,g,t) - ^{r-^g,r-^g,r-H) = i?(r, 5, t) + Ai^(r, 5, t) 
define two equivalent representations Tr and T^, given 
by (EH). That is, from (glj it follows that -dir.g.t) = 
—(^(r,r~^g,t) up to an irrelevat equivalence transforma- 
tion. 

One can simply " reparametrize" the space 6, and this 
" reparametrization" will induce a trivial " reparemetriza- 
tion" of the form of T^: Tr ^ T^.. Namely, consider a 
linear isomorphism L of the space 6: i : S ^ 6, such 
that 

(i) (L/i,L/2)t = (/i,/2)i, if (/i,/2)t does not depend 
on the time 

(ii) ^(eCW/) ^ e<(*)i/, 

where we consider the action of L in the space (3 of /(g, t) 
constructed above. Then the isomorphism induces a new 
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form = LTrL ^ of the ray representation Tr with 
exactly the same exponent ^: 

rplrpi _ i(,(r,S,t)rpl 

r s rs' 

The two representations Tr and = LTrL~^ are equi- 
valent, or loosely speaking they are "unitarily" equiva- 
lent. Compare to the notion of equivalence of two uni- 
tary representations Take for example L : f{g,t) 
g-«(g,s,t)j(^^^) ^ then T; = LTrL-^ has the 

form (ISH) with 

t?'(r, 5, t) = d{r, g, t) + d{g, g, t) - ^{r~^g, r'^g, r-H) 

= d{r,g,t) + Ad{r,g,t). 

The space L{6) is another realization of 6 obtained by 
a trivial "rephasing" of its elements by a phase com- 
mon for all elements. Similarily, the representation 
is only a " reparametrized" form of the representation Tr 
and should not be treated as a new representation essen- 
tially different from Tr. Note, that in this new realisation 
L{&) of & the condition /'{Sg^t) — ip{x,t) is no longer 
true in general. Summing up, the correspondence be- 
tween equivalence classes of ■(9-s and ^-s is one-to-one, 
that is, there always exists the transformation Tr of the 
form H59|l with the a priori given exponent 5, defined by 
z?(r, g, t) — — r^^g, t). However, such a Tr acts in the 
space & of functions f{g,t) which depends on all group 
coordinates of 5 and the identification ili{x,t) = f{Ss,t) 
is impossible in general. But it will be sometimes possi- 
ble to connect with this representation (of the form (|59|l ^ 
the representation of the form . It is readily seen from 
our discussion, that this is the case if there exists such 
a function (j)ig,t) that e-^f'^a^*^ f{g,t) = f'{g,t) as well 
as -dit.g.t) + A(l){r,g,t) are constant along g € S^. In- 
deed, we can construct a representation equivalent to 
the initial one obtained by the rephasing / e~*"^/ of 
the space &. The new representation fulfils the con- 
dition: f'{gi,t) — f'{g2,t) for all gi £ S^, and by this 
the counterpart representation Tr of the form (jSJ can be 
built up, or equivalently the 6{r, X) can be built up. The 
construction of the "6*- type" representation is unique up 
to the equivalence relation. Indeed, the phase function 
(p{g, t) described above is not unique. One can always 
add an additive term (f>'{g,t) to (j){g,t), but then, the 
additive term (j)'{g,t) has to be constant along g g S^- 
This means that 0{r, X) in Q is determined up to an 
additive term A.^ = (p{X) - (pir^'^X). But 6' = 9 + Aip 
defines the representation (of the form ©) equiva- 
lent to the representation Tr (of the type ^) defined 
by 9. The representation defined by 9' is obtained from 
the representation defined by 9 by the trivial rephasing 
ip{X) e~^'^^'^'>^{X) of the space 6 of wave functions 
ipiX). That is, if there corresponds a 6* to a given ^, then 
the correspondence is unique up to a trivial equivalence 
relation - the rephasing of 6. So, we have explained the 



motivation: to classify all ^'s and by this to get the full 
classification of 9's in The classification is full in the 
sense that no 9 can be omitted in it, but of course, there 
is the problem that no 9 can exists for a given ^. We solve 
the problem for the Galilean group and the Milne group, 
see V.B and V.C. There is of course another problem, 
if a given local ^ can be extended on the whole group, 
we will investigate this problem later on (see Theorems 
4 and 5). 

Having given the motivation, let us pass to the classifi- 
cation problem of all local ^. We introduce now the group 
the very important notion for the further investiga- 
tions. It is evident that all operators Tr contained in all 
rays Tr form a group under multiplication. Indeed, con- 
sider an admissible representation Tr with a well defined 
^{r,s,t) in the formula 1)52(1 . Because any Tr G Tr has 
the form e^^^^^'Tr (with a real and differentiable 9, which 
should not be confused with the 9{r,X) in J^J) one has 

ie(t)rr. pie'(t)rr, _ i { S (t ) +6' (r " ^ t ) (r, S , t ) } ^ 

This important relation suggest the following definition 
of the group H connected with the admissible representa- 
tion or with the exponent ^(r, s, i). Namely, H consists 
of the pairs {0(<),r} where 9{t) is a differentiable real 
function and r <E G. The multiplication rule, suggested 
by the above relation, is defined as follows 

{9{t),r} . {9'{t), r'} = {9{t) + 9' [r-H) + ^(r, r', t), rr'}. 

(62) 

The associative law for this multiplication rule is equi- 
valent to ((54|l (in a complete analogy with the clas- 
sical Bargmann's theory). The pair e — {0,e} plays 
the role of the unit element in H. For any element 
{9{t),r} e H there exists the inverse {9{t),r}^^ = 
{-9{rt) - £,{r,r-'^,rt), r'^}. Indeed, from it fol- 
lows that {9,r}-^ . {9,r} = {9,r} . {9,r}'^ = e. The 
elements {9{t)^e} form an abelian subgroup T of H. 
Any {9,r} g H can be uniquely written as {9{t),r} = 
{9{t),e} . {0, r}. Also the same element can be uniquely 
expressed in the form {9{t),r} = {0,r} . {9{rt),e}. So, 
we have H ^ T .G = G .T. The abelian subgroup T 
is a normal factor subgroup of H. But this time G does 
not form any normal factor subgroup of H (contrary to 
the classical case investigated by Bargmann, when the 
exponents are time independent). So, this time H is not 
direct product of T and G, but it is a semidirect product 
of T and G, see e.g. j42| where the semidirect product of 
two continuous groups is investigated in detail. In this 
case however the theorem that G is locally isomorphic 
to the factor group H/T is still valid, see 0|- Then 
the group H composes a semicentral extension of G and 
not a central extension of G as in the Bargmann's the- 
ory. We introduce the explicit definition of a topology 
in which the multiplication rule ((62(1 is continuous. The 
topology is not arbitrary, and it has to be such a topol- 
ogy which assures the strong continuity of ^(r, s, t) in r 
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and s. But on the other hand the topology cannot be 
more restrictive, because some exponents would be omit- 
ted. Such a topology is uniquely determined. As we have 
seen H is a semidirect product T . G of the abelian group 
T and G. So, it is sufficient to introduce a topology in T 
and in G separately and define the topology of H as the 
semi- cartesian product of T and G, see |47| . It is suffi- 
cient to introduce such a topology in T that the following 
three operations are continuous: (1) addition of elements 
of T, (2) number multiplication: (A,6'(i)) X9(t), (3) 
the translation: {r,9{t)) 9{r^^t) (as we will see the 
continuity of {X,d{t)) 9{t — A) is sufficient). In addi- 
tion, from the continuity of l|62|l the strong continuity of 
^(r, s,t) should follow (recall, that strong continuity of ^ 
is a consequence of Theorem 2). But on the other hand 
the topology cannot be more restrictive - no ^ fulfilling 
the conditions of Theorem 2 can be ommited if one wants 
to get the full classification of ^'s. That is T should be a 
topological linear space of differentiable functions d{t) in 
which the translation is continuous and the convergence 
9n — > is equivalent to the strong convergence: for any 
compact set C and any positive e there exist a number no 
such that \9n{t) — 9{t)\ < e for all n > hq and for all 
t Cz C . Such a topology is given by the metric 



d{9u92) 



2->n(g2 - 9i) 

e^l+Pn{92-9i)' 



max 



(63) 



where 



Pni9) = sup \9{t)l 

where C„ are compact sets such that Ci C C2 C . . . and 
UnGA^^" = TZ (compare any handbook of Functional 
Analysis). 

The rest of this subsection is based on the follow- 
ing reasoning (the author was largely inspired by the 
Bargmann's work If the two exponents ^ and ^' 

are equivalent, that is ^' = ^ + A[C], then the semicentral 
extensions H and H' connected with ^ and ^' are iso- 
morphic. The isomorphism h : {9,r} 1— > {9',r'} is given 
by 

9'{t) =9{t)-C{r,t), r' ^r. (64) 

Indeed, ft is a homomorphism, because 

h{{9i,ri}{92,r2}) = h{{9i,ri})h{{92,r2}), 

and h is continuous with respect to the topology defined 
as above, because C('';^) is strongly continuous in r. Us- 
ing an Iwasawa-type construction we show that any ex- 
ponent ^(r, s,t) is equivalent to a differentiable one (in r 
and s). Next, we show that if G is a Lie group then one 
can consider a finite-dimensional space T of differentiable 
functions 9{t) such that the elements {9, r} (9 S T) form 
a group Hfj with the multiplication law given by (|62|l . 



such that is a Lie group itself. After this the above 
homomorfism h given by l)64|l defines a local isomorphism 
between Lie groups H;^ and H'^. But from the classical 
theory of Lie groups follows that any local Lie group de- 
fines in a unique way a Lie algebra and vice versa. So, 
in our case to any local exponent f corresponds an equi- 
valent differentiable exponent ^' which defines (by (|62() ') 
a local Lie group iJf,, and by this a Lie algebra 9) of 
Hs^, and vice versa. As we will see the algebra defines 
a time dependent antilinear form S on the Lie algebra 
© of G, the so called infinitesimal exponent . So, bas- 
ing on the classical theory of Lie groups we can see that 
the correspondence between local exponents ^ and in- 
finitesimal exponents S is one-to-one. That is, we can 
translate the equivalence of local exponents ^ into the 
local isomorphism of Lie groups H^j and by this, on the 
isomorphism of algebras f), i.e. into the equivalence of 
infinitesimal exponents S (into a kind of a linear relation 
between infinitesimal exponents S). So, we will simplify 
the problem of the classification to a largely linear prob- 
lem. 

IWASAWA CONSTRUCTION. Denote by dr and d*r 
the left and right invariant Haar measure on G. Let v{r) 
and V* (r) be two infinitely differentiable functions on G 
with compact supports contained in the fixed neighbor- 
hood 9^0 of e. Multiplying them by the appropriate con- 
stants we can always reach: J^, i'{r) dr = i'*{t') d*r = 
1. Let ^(r, s,i) be any admissible local exponent defined 
on OTo- We will construct a differentiable (in r and s) 
exponent ^"(r, s, t) which is equivalent to ^(r, s, t) and is 
defined on DIq, in the following two steps: 

e' = e + A[C], withar.t) = - I ar,l,t)v{l)Al, 



e" = ,e' + A[C'], with C' [r,t) ^ - / S,'{u,r,ut)u*{u)A*u. 

Jg 

Using first (|55|l and (|54|l and then the left invariance 
property of the integral, we get: 

C'(r,s,i)= / {^{r,s,t)~^{r,l,t)~^is,l,r-h)+ 
Jg 

H{rs,l,t)}i^il)dl = 



{ar,sl,t)-ar,l,t)}u{l)dl 



^{r,sl,t)iy{l)dl^ / ^{r,l,t)i'{l)dl^ 



^{rJ,t)iy{s-H)dl- / S,{r,l,t)i^il)dl 
G Jg 

^ [ arJ,t)Ms-')~,.{l)}dl. 
Jg 
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So, we get 



i,'(r,s,ur~^t)^ / £,{u,l,ur'H){v{s'^l)vll)}<ll. (65) 
Jg 

In a similar way one gets 

£,"{T,s,t)^ / {i'{r,s,t)-£^'{u,r,ut)-£_'{u,s,ur^'^t)+ 

JG 



+£,'{u,rs,ut)}i^*{u) d*u 



{^'(wr, s, ut) — £,'{u, s, ur ty\v*{u) d*u 



G 



^' (ur, s,ut)v* {u) d*u ~ I ^'{u,s,ur ^t)i'*{u)d*u 
G Jg 



£,'{u,s,ur ^t)i'*{u)d*u 



£,'{u,s,ur-^t){iy*(ur-'^) - i'*{u)}d*u. 



Inserting H65() to the formula we finally get 

x{z^*(ur"i) - iy*{u)}dld*u. 

Because v and v* are diflerentiable (up to any order) and 
^(r, s, t) is a diflerentiable function of t (up to any order, 
see V.A) then ^"{r,s,t) is a differentiable (up to any 
order) exponent in all variables (r, s, t). 

LEMMA 3. // two differentiable exponents ^ and ^' 
are equivalent, that is, if S,' = ^ + ^[C]i then C,{r,t) is 
differentiable in r. 

PROOF. Clearly, the function x(r, s,i) = £,'{r,s,t) - 
^{r,s,t) is differentiable. Similarly the function r]{r,t) = 
Jg x('': t)v(u) du, where v is defined as in the Iwasawa 
construction, is a differentiable function. But the differ- 
ence Q' ~ 11 — C IS equal 

C,'{r,t)^ [ {au,r-H)-aru,t)},^{u)du^ 
Jg 

= / {Ciu,r-H)v{u) - C{u,t)iy{r-^u)}du 
Jg 

and clearly it is a differentiable function. By this C = 
rj — (' also is a differentiable function (recall that ({r, t) 
is differentiable function of t, see V.A). 

LEMMA 4. Every (local) exponent of one-parameter 
group is equivalent to zero. 



PROOF. We can map such a group r = r(r) r on 
the real line (r e TZ) in such a way that r{T)r{T') = 
r(r + T'). Set 



z9(t, a,t) 



daT,a,t) 
da ' 



From (|SSl, (|nni) and one gets 

e(o,o,t) = o, e(T,o,i) = o, 

e(r, r', t) + e(r + r', i) = ^(t', r",r{-T)t)+ 
+e(r,r' + r",0- 



(66) 



(67) 



Now we derive the expression with respect to t" at r" = 
0. This yields (with the above definition of d) 

dir + t', 0, t) = i?(t', 0, r{^T)t) + i?(t, t', t). (68) 

Let us define now 

C{T,t)^( i9(cr,0,i)da = / rz9(/xr, 0, t) d/i. 
Jo Jo 

We have then 

-A[C] = C(t + r', i) - C(r, t) - C(t', r(-r)0 = 

r-T+r' pt 

?9(cr,0,t)dcr- / l?(cr,0,i)dcr- 
Ja 

d{a,0,r{~T)t) da = 



'd{a,0,t)da~ / i9(cr, 0, r(-T)t) dcr 



{i9(t + (T, 0, t) - i?(cr, 0, r(-r)t)} dcr. 



Using now the Eq. H68|l and (|66|l we get 

-A[C] = r i?(T,(7,0da = 
Jo 



^ di{T,a,t) 
da 



da^i{T,T',t) 



and ^ is equivalent to 0. 

Let us recall that the continuous curve rij) in a Lie 
group G is a one-parameter subgroup if and only if 
r{T\)r(T2) — rirx+T-i) i.e. r(r) = (toY ^ for some element 
rg G G, note that the real power r"^ is well defined on a Lie 
group (at least on some neighborhood of e). The coordi- 
nates in G are canonical if and only if any curve of the 
form r(r) = (where the coordinates are fixed) is 
a one-parameter subgroup (the curve r(T) = Tp^ will be 
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denoted in short by ra, with the coordinates of a equal to 
. The "vector" a is called by physicists the generator of 
the one-parameter subgroup ra. Denote the coordinates 
of r, s and rs by , and = f'^{p^,a^), assume 
the coordinates of e to be 0. Then in any differentiable 
coordinates (not necessarily canonical) 

f{p\e)^f{p\0,...,0)^p^ 



k i i I 



I T A; i I 



(69) 



where are of the fourth order of magnitude in the co- 
ordinates p'' and cr'^ and cLij, diji, h'^ji are some constants. 
The structure constants cf,- are equal 



^ij ^ij "-ji 

if the group coordinates are canonical. Note that it is 
true in any "new" coordinates p''^ defined as functions 
p'^{fP) of canonical coordinates p^ in such a way that 

dp3 ^ 

Such new coordinates will be called admissible. Note 
that the alternative definition of admissible coordinates 
is possible; in those coordinates any curve r(T) = ra is a 
one-parameter subgroup up to the second order in r. 

A local exponent ^ of a Lie group G is called canonical 
if ^(r, s, t) is differentiable in all variables and ^(r, s, t) — 
if r and s are elements of the same one-parameter sub- 
group. 

LEMMA 5. Every local exponent of a Lie group is 
eguivalent to a canonical local exponent. 

PROOF. Set p^ and cr* for the canonical coordinates 
of the two elements r, s d G respectively, and define 



Let us define now 



dar,s,t) 
da'' " 



fc=i 



Consider a one-parameter subgroup r(r) generated by a, 
i.e r(r) = ra. Because ^ is a local exponent fulfilling 
(ESI, (EH) and (ESI) then ^o(T,T',t) = ^{ra^r'a^t) fulfils 
(|66|l and (|67|l . Repeating now the same steps as in the 
proof of Lemma 4 one can show that 

$(Ta,r'a,i)-f A[C(ra,t)] =0. 



LEMMA 6. Let ^ and ^' be two differentiable and 
eguivalent local exponents of a Lie group G, and assume 
^ to be canonical. Then ^' is canonical if and only if 
^' = ^ + A[A], where A(r, t) is a linear form in the canon- 
ical coordinates of r fulfilling the condition 



dA(a, {Ta)t) 



0, 



i.e. A(a,(Ta)t) is constant as a function ofr. 
In the sequel we will use the simple notation 



af{X) = 



df{{Ta)X) 



dr 



such that a is the generator of the regular representation 
of r(T) = ra and af{X) = means that f{X) is constant 
along the integral curves X{t) = {Ta)Xo. After this from 
the condition of Lemma 6 follows that 

aA{a,t) = 0. 

The notation seems to be innatural in the presented con- 
text when the exponent ^ depends on the time t only. 
But it is very useful in general when ^ depends on all 
spacetime coordinates X (recall that our proofs are valid 
also in this general case and we mark explicitly the im- 
portant difference between the time and the spacetime 
dependent £,). 

PROOF of Lemma 6. 1°. Necessity of the condi- 
tion. Because the exponents are equivalent we have 
£_'{r,s,t) = ^{r,s,t) + A[(]. Because both and ^' are 
differentiable then C('', also is a differentiable function, 
which follows from Lemma 3. Suppose that r — ra 
and s = r'a. Because of both ^ and ^' are canoni- 
cal we have ^(ra^r'a^t) = ^'(ra^r'a^t) = 0, such that 
A[C] (ra, r'a, = 0, i.e. 

C((r + r')a, t) = C(™, t) + C(r'a, (-ra)t). 

Applying recurrently this formula one gets 



ri-l 



C(ra,t) = Vc(-a,( Ta)t). 

* ^ T) n 



(70) 



fc=0 



C is differentiable (up to any order) and we can use the 
Taylor Theorem. Because in addition C(0, i) = we get 
the following formula 

C(-a,t) = C'(0,t)- + lc"{0^-a,t)(-Y, 

where and stand for the first and the second deriva- 
tive of C{xa, t) with respect to x, and < 61. < 1. Recall 
that in the Taylor formula f{x-\-h) — f{x)+ f'{x)h -\- 
l/2/"(x + 9hh)h'^ the 0h <E [0,1] depends on h, which 
is marked by the subscript h: Oh. Inserting r = n = 1 
to the formula and multiplying it by r/n (provided the 
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coordinates a of an element ro G G are chosen in such 
a way that tq lies in the neighborhood OIq on which the 
exponents ^ and ^' are defined) one gets 

^C{a,t)^-{C{0,t) + lc'{0,a,t)}. 
n n 2 

Taking now the difference of the last two formulas we get 

C{-a,t) = Lf(;^a,t)~l-C'{0,a,t)} + U-Yc'{e^-a,t). 
n n y. 2 J 2 \nJ " n 

Inserting this to the formula (|70|l we get 

Cira^t) = - ^ |c(a, (— ra)t) - -C"(0ia, {—Ta)t)} + 
n ^ — ' y n 2 n J 



k=0 



2 \n 



k=t) 



Denote the supremum and the infimum of the function 
C"{xa, {—ya)t) in the square (0 < a; < r, < y < r) by 
M and N respectively. We have 



2\nJ 



n— 1 h ^ h 

;E{C(«-(--«)0~2^"(^i«>(--™W} 



fe=0 



<C(ra,t)<i(9W 



- E (— ™)0 - :5C"(eia, {—ra)t)]. 

n ^ — ' V n 2 n ) 



Passing to the limit n — > +oo we get 
C(™, t) = [({a, {-aa)t) - ^("{e.a, {-aa)t)} 



da. 



Taking into account that the functions C' and ^" are inde- 
pendent the general solution ( fulfilling A[C](Ta, t'o) — 
for any r and r' can be written in the following form 

C{Ta,t)^ [ cr(a, (-aa)t) da, (71) 
Jo 

where <j = <;(r, t) is any differentiable function. Differen- 
tiate now the expression (|71(l with respect to r at r = 0. 
After this one gets 



cr(a,t) = ^ Afe(t)a'', with Xkit) 



k=l 



da'' 



, (72) 



where a*"' stands for the coordinates of a. So, the func- 
tion <j(a, t) is linear with respect to a. Denote the time 
coordinate t of the spacetime point X by t{X). Suppose 
in addition that the spacetime coordinates X are chosen 
in such a way that the integral curves X{x) = {xa)Xo 
are coordinate lines, which is possible for appropriately 
small r. There are of course three remaining families of 



coordinate lines beside X{x), which can be chosen in ar- 
bitrary way, the parameters of which will be denoted by 
Ui. After this, Eq. (|7TT) reads 



C{Ta,t{x,y,)) ^ / <,ia,t{x - a,yi))da. 
Jo 

Inserting r = 1 to this formula one gets 



Q{a,t{x,yi)) = I (;{a,t{x - a,yk))da. 
Jo 

So, because <;(a, t) is linear with respect to a the function 
C(a, t) is also linear in a. From the linearity of ^(a, t) and 
from (|71|l we have 

C{a,t{x,yi)) ^- I ^{a,t{x - a,yij)da = 



^{a,t{z,y^))dz, 



for any r (of course with appropriately small |t|, in our 
case |t| < 1) and for any (appropriately small) x. But 
this is possible for the function c;{a,t{x,yk)) continu- 
ous in X (in our case differentiable in x) if and only if 
i,{a,t{x,yk)) does not depend on x. This means that 
(^{a,t{x,yk)) does not depend on x and the condition of 
Lemma 6 is proved. 

2°. Sufhciency of the condition. If C{r,t) — A{r,t) fulfils 
the condition of Lemma 6, then ^' = ^ -I- A[A] is differ- 
entiable and because A(a, (ra)~^t) does not depend on t 
(and by this A(a, {Ta)~^t) — A{a,t)) and A is linear in 
the first argument, we have 

A[A](ra, r'a) = A(Ta, t) + A(r'a, (rayh)- 
-A((t + T')a, t) = Tk{a, t) + T'A(a, t)- 



-(r + T')A(a,t) ==0. 



(73) 



At last because ^ is canonical ^{ra, r'a, t) — 0, then, from 
(|73|l ^' [ra^r' a,t) = and ^' is canonical. 

REMARK. Up to now there is no difference between 
the time-dependent exponent ^ and spacetime-dependent 
exponent. All proofs are constructed in such a way that 
it is sufhcient to replace the time t hy X. But now we 
proceed to construct a finite dimensional Lie subgroup 
of the semicentral extension H of G. In general, such a 
construction is impossible for X-dependent ^. Because 
the classification of X-dependent ^-s also has interesting 
physical applications we sketch briefly the machinery of 
the classification of ^(r, s, A) in the separate Appendix 
B. In the rest of this subsection we confine ourselves to 
the time-dependent ^. 

LIE SUBGROUP Hf, OF H. The topology of H was 
defined in the comment to the formula (|52|l . In this topol- 
ogy the multiplication operation as defined by Eq. Ht)2|) 
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is a continuous operation. From Lemma 5 it follows that 
you can confine yourself to the canonical exponents ^. 
Let us assume the coordinates on G to be canonical (in 
these coordinates the multiplication function /'^ fulfils 
We will investigate first the one-parameter curves 
r(T) — {T9{t),Ta} = T{9{t),a} = ra. Let us define the 
expression 



\a,b] = lim 



iTa){Tb){Ta)-'^{Tb)- 



(74) 



where the limes is in the sense of the topology of H. 
Inserting the multiplication rule H62|l and the expansion 
()69|l of the multiplication function in G to this defini- 
tion we get after simple computations 



[a, b] — {a/S — ba + S(a, 5, t), [a, b]}, 



(75) 



^(a,5,t) 



lim r 



'■mTa)(Tb),{Ta)-\Tb)-\ty 



Hira, Tb, t) + a(ra)-\ {Tb)-\ {Tb)-\Ta)-h)}, (76) 

where a = {a{t),a}, b = {(3(t),b}, and [a,b] is the Lie 
bracket in the Lie algebra (5 of the Lie group G. Recall 
that aa{t) was defined in the comment to the Lemma 
6. The limit in (|76|l . induced by the topology oi H, is 
defined by the metric (|63|l . That is, this is the almost 
uniform convergence limit. Note that because ^ is differ- 
entiable and canonical the expression (|75|l is well defined. 
Indeed, because ^ is differentiable we can expand it up to 
the (say) fourth order in the canonical coordinates on G 
around the point (i.e. around e € G), and taking into 
account and we get (around 0) 



^ip\a',t) ^a^jp'a' + b^jip' a' + d.jip'a' a' + e, (77) 

where Uij, biji, diji and e are some differentiable functions 
of the time i, and e is of the fourth order of magnitude in 
(p', (j^ ) that is, e is of a higher order than the second in 
/9* and cr* separately. Because ^ is canonical Oij = —aji. 
Inserting it to H76|) one can easily see that 17t)|) is well 
defined and because is antisymmetric the expression 
[a, b] also is antisymmetric. Inserting the expansion H77() 
to the formula 1)76(1 one can easily see that S(a, b, t) is an 
antilinear form in a and b. 
From the associative law in H one gets 

{{Ta){Tb)){Tc) = {Ta){{Tb){Tc)). 

We divide now the above expression by and then pass 
to the limit r ^ 0: 



lim 



((™)(r5))(7 



lim 



[Ta){{Tb)[Tc)) 



Again both limits exist, which can be shown in the anal- 
ysis similar to that used for the existence investigation 



of [a, 6]. Inserting the explicit values of those limits one 
obtains 

■~([a,a'],a'' ,t) +E{\a' ,a''],a,t) + '~{[a'' ,a],a' ,t) = 



= aE{a', a", t) + a"~{a" , a, t) + a"E{a, a', t), (78) 

which can be shown to be equivalent to the Jacobi iden- 
tity 



[d,a'],d"] + [[d\a"],a] 



[a ,a\,a 



0. 



(79) 



So, we have constructed in this way a Lie algebra with 
[d, b] (defined for all d — {a(t), a} with differentiable a(t) 
and a belonging to the Lie algebra © of G) using the 
formula (|75|l . We will show that in our case this alge- 
bra always possesses a finite dimensional Lie subalgebra 
Sj which contains all elements d = {0, a} with a e (5 
(which is not the case, in general, for the spacetime- 
depending ^). In our case, however, according to our 
assumption about G (compare for example any finite di- 
mensional subgroup of l|nj)) any r G G transforms simul- 
taneity hyperplanes into simultaneity hyperplanes. So, 
there are two possibilities for any r € G. First, when 
r does not change the time: t{rX) = t{X) and the sec- 
ond in which the time is changed, but in such a way 
that t{rX) — t{X) = f{t). We assume in addition that 
the base generators aj, G © can be chosen in such away 
that only one acts on the time as the translation and the 
remaining ones do not act on the time. After this the 
Jacobi identity (|78|l reads 

S([a, a'], a") + S([a', a"], a) + E{[a" , a], a') = dtE{a' , a"), 

(80) 

if one and only one among a, a', a" is the time translation 
generator, namely a, and 

E{[a,a'],a")+E{[a',a"],a) + E{[a",a],a') = 0, (81) 

in all remaining cases. So, the elements dijk = 
{Sy (t),afc} where Sy (i) = E{ai,aj,t) compose the base 
of a finite dimensional algebra with the Lie bracket 
defined by l(7S|) . Indeed, any ak'Eij{t) is equal to or 
dt'B.ij{t), but, as we have seen above, it follows from the 
Jacobi identity that dt'^ij is a linear combination of S^j. 
We will show 

LEMMA 7. The Lie group H^j generated by the Lie 
algebra ^ is really a subgroup of the semicentral extension 
H , and is a semicentral extension of G. 

It means that contains all elements {0,r}, r £ G 

PROOF. Consider the one-parameter subgroups ^^(t) 

of 



I J a{{aa) ^t) da, raj. 
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We define the correspondence f(T) = ra = T{a{t), a} 
fa{T) between rd and fair) in the following way 

rd = T{a, a} ^ fair) = ^ / a(((Ta)^^t) dcr, raj . 



We have to show that 1°. the above correspondence is 
one-to-one (at least for appropriately small r), and 2°. 
that the one-parameter subgroups also generate f). 
1°. First of all, note that the linear correspondence 



a{t) 



1 



a{{aa) ^t)d(T 



(82) 



is one-to-one for {a(<),a} S when r is appropriately 
small. Indeed, it is trivial when ra does not act on the 
time t. Suppose then, that ra does act on t and - ac- 
cording to our assumption - ra acts on the time t as the 
time translation. But 

I 1 /"^ 

-/ a{{aay^t)d(T = - a{t-a)da = 

T Jo T Jq 

for all t and differentiable a{t) if and only if a{t) is a 
periodic function with the period T < |r| the integer- 
multiple of which is equal to r. But - being a finite- 
dimensional vector space - cannot contain {a{t), a} with 
a having arbitrary small period T (if 9^ does not contain 
any {a, a} with a periodic a, then the correspondence 
()82|l is one-to-one). So, there exists the infimum To > 
of all periods T of periodic as such that {a, a} G Sj. 
Then, the correspondence as defined by 1)82(1 is one-to-one 
if < |r| < To- From this immediately follows that the 
correspondence rd ^ fair) is one-to-one if < |r| < Tq. 

2°. As is well known from the classical theory of Lie 
groups the elements of the Lie algebra are defined by the 
one-parameter subgroups ^^(r) in this way (the limits are 
in the sense of the topology of H) 



lim (ra(r)) " 



lim 



fair) 



(83) 



Note, that the raising to a real power (fj)''' is well 
defined if only d (z 9j. It is almost trivial if ra 
does not act on the time, so, let us assume ra to be 
the time translation: t t + t. But two elements 
fi — {Oi{t),Ta} and f2 = {92{t),Ta} fulfil the condi- 
tion fifi = f2f2 = {()i(t) + — T),2ra} if and only 
if the function 9{t) = ^2(i) ~ fulfils the condition 
9{t) = —d{t — r) (note that we confine ourselves to the 
canonical exponent: ^{Ta,T'a,t) = 0). From this fol- 
lows that 9{t) — 9{t — 2r) and 9{t) is a periodic func- 
tion with the period T = 2r. Choosing an appropriately 
small neigbourhood O^o of e G iJ we can see that (ra)^ 
is well (uniquely) defined if fa & O^o- It is sufficient to 
choose the neigbourhood in such a way that it does 
not contain any time translations t t + {rj = 2r) 
with Tq < \r]\. But applying recurrently our reasoning 



one can see that for any fa G ?lo there exists the rational 
power of the form (^^aj ^ , for any natural k. Because, 

for any elements fi,f2 € there exist their inverse 
and their product fif2 we can see that for any fa G OTq 
there exists uniquely defined rational power {fd)^, where 
A = -I- ... -I- pm/'^^"^ for any integers pi, kj and 

any natural m. But such a set of rational A-s is dense 
in TZ (compare to the binary system), and by continuity 
in H the rational power is well defined for any A with 
appropriately small |A|. 

It is easy to see that in our case the above limit given 
by Eq. H83() is unique, which is the consequence of the 
biuniquenees of ((82|l and is really equal to d. 

Consider two one-parameter subgroups 



a{{(7a) ^t),Ta^ 



fair) = { r Piiab)-h),Tby 



and 



The vector addition d 6 in the Lie algebra is defined by 



d© 6 = lim {faiT)fiiT) 



hm MllMl) , 

r^O r 



which in our case is equal to the ordinary addition d(Bb = 
{a, a} © {/?, b} = {a + f3,a + b}. Finally, the Lie bracket 
in the standard theory is defined by the one-parameter 
subgroups in the way 



[d,b] = lim (f,(r)fj(r)(f,(r))"i(fj(r))-i 



which, after the computations similar to those used to 
derive the Eq. (|75|l . can be seen to be equal 

[d, b] = {af3 ~ ba + S(a, b), [a, b]}. 

That is, we get a formula identical to (|75|l obtained for 
the curves rd and rb. This means that the local Lie 
group Hs) generated by the Lie algebra ^ is a subgroup 
of H, that is the multiplication law in is given by 
(I62|l . Geometrically, it means that the curves rd and 
fa(r) define exactly the same element d G ^, or so to 
speak, the curves both have exactly the same tangent 
vector d at e. 

From the classical theory of Lie groups it follows that 
the correspondence <-> Hf, is biunique, (at least for the 
local Lie group H^). By this we have a 

COROLLARY. The correspondence ^ — > 5 between the 
local ^ and the infinitesimal exponent S is one-to-one. 
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Note that the words 'local ^ = ^(r, s,t)' mean that 
^(r, s, t) is defined for r and s belonging to a fixed neigh- 
bourhood 0^0 C G of e G G, but in our case it is defined 
globally as a function of the time variable t € TZ. 

Suppose the dimension of G to be rt. Let with 
A; < 71 be the base in the Lie algebra & of G. Let 
us introduce the base dj in Sj in the following way: 
a-n+i = {ai(t),0}, . . . ,an+p = {ap{t),0} and di = 
{0, ai}, . . . ,dn — {0, On}- After this we have 

[di, dj] = c'^jdk + S(ai, aj), (84) 

for i,j < n. It means that, in general, the commuta- 
tion relations of a ray representation of G are not equal 
to the commutation relations [Aj, A^] — c^^Ak of G, but 
they are equal to Aj] = c^^Ak + E{ai,aj,t) . 1. The 
generator Ai corresponding to ai is defined in the follow- 
ing way ji^ 

Now, we pass to describe the relation between the in- 
finitesimal exponents S and local exponents ^. Let us 
compute first the infinitesimal exponents S and S' given 
by (|76|) which correspond to the two equivalent canon- 
ical local exponents ^ and = ^ + A[A]. Inserting 
^' = ^ + A[A] to the formula one gets 

E'{a,b,t) = S(a,6,i) +aA{b,t) - bA{a,t) ~ A{[a.b].t). 

(85) 

Recall, that according to the Lemma 5, we can con- 
fine ourselves to the canonical exponents. According to 
Lemma 6 A = A(a, {Tb)t) is a constant function of r if 
a = b, and A(a, t) is linear with respect to a (we use the 
canonical coordinates on G). By this E'{a,b,t) is anti- 
symmetric in a and b and fulfils (|78|l if only S(a, 6, t) is 
antisymmetric in a and b and fulfils (|78|l . This suggests 
the definition: two infinitesimal exponents S and S' will 
be called equivalent if and only if the relation (|85|l holds. 
For short we write the relation (|85|l as follows: 

E' = E + d[A]. 

LEMMA 8. Two canonical local exponents ^ and ^' are 
equivalent if and only if the corresponding infinitesimal 
exponents S and S' are equivalent. 

PROOF. (1) Assume ^ and ^' to be equivalent. Then, 
by the definition of equivalence of infinitesimal exponents 
S' = S + d[A]. (2) Assume S and S' to be equivalent: 
S' = S -t- d[A] for some linear form A(a,t) such that 
A(a. (Ta)t) does not depend on r. Then ^ + A[A] S', 
and by the uniqueness of the correspondence f ^ S, 
^' = ^ -I- A[A], i.e. £, and ^' are equivalent. 

At last from lemma 5 every local exponent is equivalent 
to a canonical one and by the Corollary to every 2 corre- 
sponds uniquely a local exponent, so we can summarise 
our results in the 



THEOREM 3. {1) On a Lie group G, every local 
exponent ^(r, s,t) is equivalent to a canonical local ex- 
ponent ^'(r, s,t) which, on some canonical neighbour- 
hood UXq, is analytic in canonical coordinates of r and 
s and in t and vanishes if r and s belong to the same 
one-parameter subgroup. Two canonical local exponents 
^,1^' are equivalent if and only if ^' = S, + A[A] on 
some canonical neighbourhood, where A(r, t) is a lin- 
ear form in the canonical coordinates of r such that 
A(r, st) does not depend on s if s belongs to the same 
one-parameter subgroup as r. (2) To every canonical 
local exponent of G corresponds uniquely an infinitesi- 
mal exponent R(a,b,t) on the Lie algebra of G, i.e. 
a bilinear antisymmetric form which satisfies the iden- 
tity E{[a,a'],a",t) -f E{[a' ,a"],a,t) -f E{a" ,a],a' ,t) = 
a'E.{a' ,a" ,t) + a'E{a" ,a,t) + a"'E.{a,a' ,t). The corre- 
spondence is linear. (3) Two canonical local exponents 

are equivalent if and only if the corresponding 
are equivalent, i.e. 2'(o,6, t) = 2(a, 6, t) + aA{b,t) — 
bA(a,t) — A([a,b],t) where A{a,t) is a linear form in a on 
such that dA(a, (r6)t)/dT = if a = b. (4) There ex- 
ist a one-to-one correspondence between the equivalence 
classes of local exponents ^ (global in t) of G and the 
equivalence classes of infinitesimal exponents R of 

Theorem 3 provides the full classification of exponents 
^(r, s,t) local in r and s, defined for all t. But we will 
show that if G is connected and simply connected then 
we have the following theorems. (1) If an extension ^' 
of a given local (in r and s) exponent ^ does exist, then 
it is uniquely determined (up to the equivalence trans- 
formation (inSJ) (Theorem 4). (2) There exists such an 
extension ^' (Theorem 5). 

THEOREM 4. Let ^ and ^' be two equivalent local ex- 
ponents of a connected and simply connected group G, 
so that ^' — ^ + A[C] on some neighbourhood, and as- 
sume the exponents and of G to be extensions of 
^ and ^' respectively. Then, for all r,s G G £,'i{r,s,t) = 
^i(r, s,i) -|- A[^i] where ^i{r,t) is strongly continuous in 
r and differentiate in t, and C,i(r,t) = C,{r,t), for all t 
and for all r belonging to some neighbourhood of e £ G. 

PROOF. The two exponents and being strongly 
continuous (by assumption) define two semicentral ex- 
tensions Hi = Ti . G and H[ = T[ . G, which are continu- 
ous groups, with the topology defined in the comment to 
the formula (|62|l . Note, that the linear groups Ti, T[ are 
connected and simply connected. Because Hi and H[ 
both are semi- cartesian products of two connected and 
simply connected groups they are both connected and 
simply connected. Eq. (|64|l defines a local isomorphism 
mapping h : f ^ f' = h{f) of Hi into Hi 

h{f)^h{e,r)^{0it)-ar,t),r} 

on the appropriately small neighbourhood of e in G, 
on which = ^ and = Because Hi and H[ 
are connected and simply connected the isomorphism h 
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given by H64|l can be uniquely extended to an isomor- 
phism hi{f) = h{9,r) = f' of the entire groups Hi 
and H[ such that hx(f) = h{f) on some neighbourhood 
of Hi, see ji^, Theorem 80. The isomorphism hi de- 
fines an isomorphism of the two abehan subgroups Ti 
and hi{Ti). By JHl hi{9,e) = {6*, e} locally in Hi, 
that is for 9 lying approprately close to (in the metric 
sense defined previously). Both Ti and /ii(Ti) are con- 
nected, and Ti is in addition simply connected, so apply- 
ing once again the Theorem 80 of one can see that 
hii0,e) = {e,e} for aU 9. Set /ii(0,r) = {-Ciit), g{r)}. 
Note, that because fi is an isomorphism it is continu- 
ous in the topology of Hi and H[ . By this Ci (r, t) is 
strongly continuous in r and g{r) is a continuous func- 
tion of r. The equation {9,r} — {9,e}{0,r} implies 
that hi{9{t),r) = {9{t) — (i{r,t),g{r)}. Computing now 
/ii(0, r)/ii(0, s) we find that g{rs) — g{r)g{s). So, g(r) is 
an authomorphism of a connected and simply connected 
G, for which g{r) — r locally, then applying once more 
the Theorem 80 of 49] one shows that g{r) = r for all r. 
Thus 

hi{f) = hi{9{t),r)={9{t)~Ci{r,t),r}, 

for all r e Hi. Finally, hi{0,r)hi{0, s) ^ 
hii£,i{r, s,t),rs). Hence 

{i'lir, s, t) ~ Ci {r, t) - Ci(s, r-H), rs) = 

{fi(r, s,i) - Ci{rs,t),rs}, 

for all r,s,t. That is, fi(r, s,i) = £.i{r,s,t) + A[Ci] for 
all r, s, t and by ^ Ci {r, t) = C(^, t) 

on some neighbour- 
hood of e on G. 

THEOREM 5. Let G be connected and simply con- 
nected Lie group. Then to every exponent S^{r,s,t) of G 
defined locally in (r, s) there exists an exponent of G 
defined on the whole group G which is an extension of ^. 
If ^ is differentiable, niay be chosen differentiable. 

Because the proof of Theorem 5 is identical as that of 
the Theorem 5.1 in 0, we do not present it explicitly 

We have obtained the full classification of ^ defined on 
the whole group G for Lie groups G which are connected 
and simply connected. But for any Lie group G there 
exists the universal covering group G* which is connected 
and simply connected. So, for G* the correspondence 
^ — > S is one-to-one, that is, to every ^ there exists the 
unique S and vice versa, to every S corresponds uniquely 
^ defined on the whole group G* and the correspondence 
preserves the equivalence relation. Because G and G* 
are locally isomorphic the infinitesimal exponents 2's are 
exactly the same for G and for G*. Because to every 5 
there does exist exactly one ^ on G*, so, if there exists 
the corresponding ^ on the whole G to a given S, then 
such a ^ is unique. We have obtained in this way the full 



classification of ^ defined on a whole Lie group G for any 
Lie group G, in the sense that no ^ can be omitted in 
the classification. The set of equivalence classes of ^ is 
considerably smaller than the set of equivalence classes 
of S, it may happen that to some local f there does not 
exist any global extension. 

Take, for example, a Lie subgroup G of © and its 
ray representation given by We have classified 
in this way all exponents in H52() for this and r G 
G. By this, as was previously shown, we obtained the 
full classification of possible 9{r,X) in 0. In general 
such a S may exists that there does not exist any 9{r, X) 
corresponding to this S if the group G is not connected 
and simply connected. But this not important for us, 
the important fact is that no 9{r,X) can be omitted in 
this classification. We will use this fact in the subsections 
V.B and V.C. 



A general remark concernig the gauge freedom in 
the Quantum Theory 

Consider a quantum system with a covariance group 
G. Let in addition the time evolution law for the wave 
function possesses a gauge freedom: if -0 is a solution to 
the time evolution law, then e*^^*)?/' is a solution to the 
appropriately gauged time evolution law. The covariance 
means that the representation Tr of G is such that if ip is 
a solution to the evolution law then Trip is a solution to 
the transformed evolution law. Of course Tr acts in the 
space 6 constructed as in the subsection V.A and fulfils 
()52|l with some phase factor uj{r, s, t) = e*^^''''*'*). In gen- 
eral it is not obvious if there exists a time evolution com- 
patible with arbitrary chosen factor lj. We can, however, 
consider the problem in a " kinematical" way and con- 
sider abstract representations not necessarily connected 
with a time evolution law. In such an abstract situa- 
tion, however, one can not construct the space © which 
implicitly uses the notion of time evolution (see subsec- 
tion V.A). But we can consider a space S in which Tr 
acts. Namely, we can always construct a space 6 with a 
time dependent form {'4>,ip')t which becomes the Hilbert 
scalar product if only a compatible time evolution exists 
and ip,ip' both are members of the same "Schrodinger 
picture" . That is, the representation fulfils the condi- 
tion: (Trip, Trip' )t — (ip,ip')t if {ip,ip')t — const and 
rr(e*'^(*)V) = e"^('^"'*)T^V- Such a representation will 
be called kinematical. We have the following 

THEOREM 6. For every factor Lo{r, s, t) of a locally 
compact and transitive group G there exist a continu- 
ous kinematical ray representation of G compatible with 
Lu{r, s, t). 

The notion 'transitive' means that G acts transitively 
on the time coordinate, that is, there exists a fixed to 
such that for any t ^ TZ there exists r G G fulfilling the 
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equality t = rto- 

PROOF. Because G acts transitively on t we can con- 
sider the factor w as a function of the three group vari- 
ables (r, s,u): uj = uj{r,s,uto) instead of a; = uj{r,s,t). 
Since G is locally compact there exists a Haar left in- 
variant measure du. We define the linear space 6 as the 
space of functions f{u,t) (where u E G and t stands for 
the time t) for which (/, f)t ~ f*f du is finite for each 
t. Next, we define {f,g)t — Jq f* iu,t)g{u,t) du and 

g{u, t) - Trf{u, t) - w{r, r~^u, uto)f{r-^u, r^H). (86) 

(1) Clearly {Trf,Trg)t = {Lg)t if only {f,g)t = 
const. (2) From Lu{e,u,t) = 1 (compare (|5t)|l l it 
follows that Te — I. (3) We show that the kine- 
matical representation fulfils 152|l with e*? — uj. 
Set g = Tsf and h ~ Trg — TrTgf. From 
(I86|l we get h{r{su),t) — Lu{r, su,rsuto)g{su,7'^^t) ~ 
Lu(r, su,rsuto)uj(s,u, suto)f{u, {rs)^^t). From (|54|l we 
get h{rsu) = oj{r,s,rsuto)w{rs,u,rsuto)f{u,{rs)~^t), 
such that h{rsu, t) — coir, s, rsuto)Trsf{rsu, t), or equiv- 
alently h{u,t) — Lj{r,s,uto)T^.gf{u,t)^ which means that 
Tj.Ts = uj{r, s,uto)Tj.s- (4) Because the regular repre- 
sentation f{u,t) 1-^ f{r~^u,r^^t) is continuous then our 
representation also is continuous, because of the strong 
continuity of lo. 

One can consider, however, an abstract situation, in 
which a quantum system is investigated, such that its 
configuration space is not the simultaneity hyperplane 
of the spacetime. As for example in the above Proof 
where the group G plays the role of the configuration 
space. Another example is the configuration space for the 
wave function of photon. After this, basing on the same 
footing as in the subsection V.A, it is natural to consider 
the spacetime-dependent gauge freedom. Note that the 
case with the spacetime-dependent gauge freedom -0 s- 
g<(^)^ can be treated in the same way, the proof of 
the following Theorem 6' is exactly the same, if only an 
invariant measure and topology can be introduced to the 
covariance group G. The replacements are trivial. For 
example the condition Tr(e*''^*V) — e*''^'' *'^Tr'ip should 
be replaced by Tr{e"^''^^) = e^'^^'^^'^^T^V, and the Eqs 
(|5^ -^ (|55)l are replaced by 

e(e,e,X) = 0, 
C(r, s, X) + e(rs, g, X) + ^(s, g, r~'X) + ^(r, sg, X), 
C(r, e,X) = and £_{e, g, X) = 0, 
ar,r-\X)^ar-\r,r-'X), 
eir, s, X) = s, X) + C(r, X) + C(s, r-'X) - C(rs, X). 



The more subtle situation appears, if one tries to classify 
the exponents ^(r, s, X) in the analogous way as the time- 
dependent exponents ^(r,s,t), even if one considers the 
Lie group G as a covariance group. We briefly sketch the 
machinery of this classification. 

CLASSIFICATION OF ^{r,s,X)-S. The multiplica- 
tion rule in H is given by H62I) . but this time with t 
replaced by A . Of course, by the analogue of the The- 
orem 2 ^(r, s, X) is strongly continuous in r and s (note, 
that the compact set C C 7?. should be replaced by the 
compact set of the spacetime points). The metric which 
defines the topology in H is given by Ht)3|l with the com- 
pact sets Cn of TZ in p„ replaced by a compact sets of 
the spacetime. Note that all Lemmas 1-^6 of the preced- 
ing subsection are valid in this case also. However the 
construction of the finite dimensional algebra ^ falls in 
this case, and we lost the Corollary that the connection 
f ^ S is biunique (at least the author is not able to prove 
the uniqueness in this case). More precisely, the biunique 
correspondence between 5 and local ^(r, s, A), where by 
local ^ we mean ^(r, s, X) defined for r and s belonging to 
a fixed neighbourhood OTq of e in G and defined globally 
with respect to the spacetime variables X. But we can 
still construct the Lie algebra Sj^o with the help of the 
analogue of 174|l , H75|l and H76(l . Unfortunatelly this alge- 
bra i3oo is infinite-dimensional. To a given local exponent 
^ there always corresponds uniquely the infinitesimal ex- 
ponent 2 given by the analogue of 17()|) (in this analogue 
t is replaced by A). In this spacetime-dependent case, 
however, we are not able to prove that also conversely: 
to a given S there always exists uniquely corresponding 
local ^(r, s. A), i.e ^ local in r, s and defined globally in 
A. But we are able to prove that if there exist the corre- 
sponding £^ to an a priori given S, then such ^ is uniquely 
determined. We will not present the complete proof, but 
only explain the main reason for the difference as com- 
pared to the time-dependent ^. The reason lies in the 
fact that the topology of the one variable t as compared 
with the spacetime topology of the variables A is much 
simpler (real line, or the circle). One can hope, that the 
correspondence ^ ^ S becomes one-to-one for ^(r, s,A) 
which is local in all three variables (r, s,A). But the 
author has encountered a difficulty with the analysis of 
^(r, s,A), defined locally in all three variables (r, s,A), 
such that even in this case the uniquenees of ^ ^ S is an 
open question. Beside this, we are not able to prove the 
existence of an extension ^(r, s. A) defined globally in A 
of a given ^(r, s. A) defined locally in all three variables 
(possibly the problem possesses the affirmative solution, 
but the author is not able to prove it). By this we do not 
confine ourselves to the classification of ^(r, s. A) local in 
all variables (r, s,A). Instead, we investigate ^(r, s,A) 
which is local in r, s and defined globally in A, because 
we are able to prove the existence of the unique global 
extension ^(r, s. A) defined globally for all three variables 
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(r,s,X) of a given local ^(r, s,X) defined globally in X. 
The unique global extension exist, if the group G is con- 
nected and simply connected. 

Our analysis rests on the beautiful theory of infinite di- 
mensional Lie groups due to Garrett Birkhoff ,^J. The 
algebra Sjoo does not determine the group H even locally, 
and by this we are not able to prove the existence of a 
local ^ (global in X) corresponding to a given 2, but if 
such a group H does exist it is uniquely determined, and 
by this ^ is uniquely determined. To explain it we reca- 
pitulate the classical theory of Lie groups. The recasting 
of the theory of Lie groups into the topologico-algebraic 
form depends on recognizing other operations that the 
two: (1) group multiplication and (2) passage to the in- 
verse, the first such operation is (3) raising to a scalar 
power. It is well known that, within restricted neighbour- 
hoods of the identity e of any Lie group G, the equation 
r" = s has one and only one solution r for a fixed s 
and non-zero integer n. Hence r™ = is also uniquely 
determined. By rational approximation and passage to 
the limit, one sees that the operation of raising a given 
element s to a given scalar power is an operation uni- 
quely determined by the algebra and the topology of G. 
Using this fact it is easy to state the definition 

a ® 5 = lim(a^fe^)^. 

The existence of a © 6 - for sufficiently small a and 6 - is 
also well-known. The sum a© 6 simply corresponds to the 
vector sum of a and b under canonical coordinates, i.e it 
defines the vector sum in the Lie algebra. Furthermore, 
if one defines 

Xa^a^ and \a,b]= lim(a^b^a^^b^^)'^ , 

then all usual rules for vector calculus hold, and together 
with the binary operation [., .] one constructs in this way 
the Lie algebra. But as is well known, the converse is also 
true: one can construct (at least locally) the Lie group 
G from the algebra, if one associates the one-parameter 
subgroup a'*' with the element a of the algebra. As was 
shown by G. Birkhoff there is no problem if the algebra 
is finite or infinite-dimensional, however it is important 
if there exists a restricted neighbourhood on which the 
operation of raising to a scalar power is well defined, he 
calls such groups - the analytical groups. 

Now, let us pass to our case. Unfortunatelly, the rais- 
ing a given element to real power is not well defined in H . 
Indeed, compare the two elemets fi — {9{x), r} and fa = 
{9{x) + sin(^), r}, where r is a translation: x ^ x + cr. 
For the two elements one has fifi = fafa = s and the 
square root s^ of the element s is not well defined (recall 
that we use the canonical exponent: S,(r,r,X) = 0). It 
can be shown that the problem is essential, that is, in 
general with any "natural" topology in H the raising to 
a scalar power s^ is not uniquely defined for s lying ar- 
bitrarily close to the unit element e e We will omit, 



however, this problem in the way explained below. An 
additional condition is needed to pick up a unique solu- 
tion f to the equation f" = s, where s lies appropriately 
close to the unit element e G H. Such an (additional) 
condition really exists, and moreover, it is well defined on 
a set S C H oi elements s and S is dense in H. By this 
we are able to represent the one-parameter subgroups 

fair) = ly a((cra)"^X)dcr, raj = a'^, 

with the help of raising a given element a to a scalar 
power a"^, if only d £ S. The correspondence a"^ <-!■ fair) 
is biunique for d G 9To H S with a suitable chosen neigh- 
bourhood ^0 of e. There is a problem, of course, if there 
exists a compatible continuous (local) group H contain- 
ing the whole family of one-parameter curves fair) = a"^, 
d € 9^0 n S — the one-parameter subgroups. But be- 
cause the family is dense in H it is obvious that if such 
a group H does exist it is uniquely determined. The H 
constructed in this way does not depend on the choice of 
the actually assumed condition by which one can pick up 
a unique solution f to the equation f " = s. It is because 
we require the set S to be dense in the local group H. On 
the other hand the local group H with the multiplication 
law 

{e,{X),n}{02iX),r2} ^ 

= {9i{X) + 02(rr'^) +e(ri,r2,X),rir2} 

(compare ((HSl) uniquely determines the local ^. So, one 
can see that if there exists a compatible ^ to an a priori 
given S (determined by the algebra Sjoo) then such a ^ is 
uniquely determined. 

Let us briefly sketch how to construct the additional 
condition under which the uniqueness of the raising to 
a real scalar power (fa)^ is achieved on a set dense in 
a neighbourhood oi e £ H. Consider two elements 
(compare the proof of Lemma 7) fi — {di{X),Ta} and 
{6'2(A"),ra} fulfilling the condition 

fl = fifi = f2f2 = f 2 = 

^{9,iX) + 9,iiTa)-^X),2Ta}^s, (87) 

where we have used the fact that ^ can be assumed to 
be canonical: ^{Ta,T'a, X) = 0. Let us use the coor- 
dinate system in which the curves X{x) = {xa)Xo are 
coordinate lines together with three remaining families 
of coordinate lines X{yi). After this the condition l|H7|l 
reads 

^1 = ^2 {(^li^iVk) + Oi{x - T,yk),2Ta} = s. 
It is fulfilled if and only if 

0{x,yk) = -e{x-T,yk), (88) 
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i = 1,2, where 9 = 62 — di. Applying once again the 
formula (|55|) we see that 9{x,yk) = 0{x — 2r, y^) is a 
periodic function of x with the period T — It. Because 
9{x,yk) is continuous in x it follows from (|5S|) that there 
exists a point xi, such that —T/2 = —t < xi < t = T/2 
and 9{xi,yk) ~ 0. From the Weierstrass' Theorem it 
follows the existence of a point X2 < X2 < T/2) 

such that \9{x2,yk)\ = sup 2, t/2] l^(a^:2/fe)l- At last 
from the mean-value Theorem it follows that there exist 
a point 2:3 {—T/2 < X3 < T/2) fulfilling the condition 



9{x2,yk) - 9{xi,yk) 

X2 - Xi 



d9 

^(X3,2/.). 



But — xi I < 2r = T, so we have 
1 



T 



sup 

a:6[-T/2,T/2] 



\Oix,yk)\ < 



sup 

x£l-T/2,T/2] 



d9 
dx 



x,yk) 



Applying recurrently the above reasoning to 



d9/dx,d^9/da 



and so on (d6'(a;)/da:: again ful- 



fils (|S5|) and is a periodic function with the same period 
T = 2t), one gets 



sup 

xe[-T/2,T/2] 



\0ix,yk)\ < 



sup 

x£l-T/2,T/2] 



d"6' 
dx" 



{x,yk) 



Note that the supremas can be taken over any x G [—5, b] 
with any b > T/2, or even over the whole real line TZ. 
Assuming T < 1 we can see that 



sup 

xe[-T/2,T/2] 



d"9 



goes to infinity if n — > +00 for any fixed yk- Now, let 
us go back to the two solutions fi — {9i,Ta} and r2 = 
{92, Tfl} of the equation 7"^ — s (compare (|87|) '). Suppose 
that the set of numbers 



sup 

xG[-T/2,T/2] 



d"01 



is bounded for any fixed yk- Then, the set of numbers 

,n g TV, 



sup 

xe[-T/2,T/2] 



d-92. , 



with 92 — 9\^ 9 will be unbounded. This suggest the fol- 
lowing definition. Suppose that the one-parameter sub- 
groups a"^ = TO of the local Lie group G are well defined 
for any r, < |r| < e. We define then the set S of 
elements {9{X), to} for which the set of numbers 



sup 

re[-6,6] 



^iira)X) 



is bounded for any fixed X and any fixed a G 6; in this 
formula b stands for min(e, 1/2). After this, we define the 
unique solution f to the equation = s, with s G 5, as 



that r which also belongs to the set S. It is really unique 
solution, if s e ^0 n5 = T X n5, such that % C G is 
appropriately small neighbourhood of e which does not 
contain any ra with 2\t\ > 1 (T is the abelian group 
of elements {9,e}). Applying the reasoning recurrently 
one can see that the equation (f)^ — s has a unique 
solution f g 5 if s e *Xlo n 5. Repeating the arguments 
presented in the proof of Lemma 7, we show that the 
raising to any (appropriately small) real power is well 
defined for elements s belonging to the above mentioned 
neighbourhood. It remains to show that S is dense in 
the topology of H , because there is no essential difficulty 
with this point we leave the discussion of it. 

Because we are not able to prove the existence of a 
local ^ (global in X) corresponding to a given S we are 
not able to prove the complete analogue of the Theorem 
3. Instead of Lemma 8, however, the following assertion 
is true: If for a given infinitesimal S and S' there exist 
corresponding local canonical ^ and ^' (global in X ), then 
(a) ^ and ^' are unique and (b) the exponents ^ and ^' 
are equivalent if and only if the infinitesimal exponents 
S and S' are equivalent. So, we have a slightly weaker 
Theorem which differs from the Theorem 3 in the point 
(4) only (the additional replacement is trivial, namely, 
one should replace t by X). This allows us to classify all 
exponents ^(r, s, X) local in r and s and global in X , in 
the sense that no such an exponent ^ is omitted in the 
classification. The set of infinitesimal exponents S is too 
rich this time, but to every local ^ corresponds a unique 
H and if a local ^ corresponds to a given E then such a ^ is 
unique and the correspondence preserves the equivalence 
relation. 

Note that the analog of the Theorem 4 is true in this 
case when ^ depends on X, and the proof of it is exactly 
the same, with the trivial replacement of t hy X. The 
more subtle situation appears in the proof of the analog of 
the Theorem 5. But, note that indepedently of the fact 
if the analog of the Theorem 5 is true or not, we have 
obtained in this way the full classification of ^(r, s, X) in 
the sense that no ^(r, s, X) is omitted in this case also. 
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